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a b s t r a c t

For the analysis of square contingency tables with ordinal categories, Tahata, Yamamoto
and Tomizawa (2009) considered the normal distribution type symmetry model, which
maybe appropriate if it is reasonable to assume anunderlying bivariate normal distribution
with equal marginal variances. The present paper proposes a new model which may
be appropriate for a square ordinal table if it is reasonable to assume an underlying
bivariate skew normal distribution with equal marginal variances. Simulations are used
to investigate the fitting of newmodel for bivariate skew normal distribution. The decayed
teeth data are analyzed by using the new model.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Consider an r × r square contingency table with the same ordinal row and column classifications. Let pij denote the
probability that an observation will fall in the (i, j)th cell of the table (i = 1, . . . , r; j = 1, . . . , r).

Agresti (1983) proposed the linear diagonals-parameter symmetry model, namely LDPS, as follows:
pij
pji

= θ j−i (i < j).

A special case of this model obtained by putting θ = 1 is the symmetry model (see, e.g., Bowker, 1948; Bishop et al.,
1975, p. 282).

Let the randomvariableX = (U, V )T be distributed according to the bivariate normal distributionwithmeans E(U) = µ1
and E(V ) = µ2, variances Var(U) = Var(V ) = σ 2, and correlation Corr(U, V ) = ρ. The density function is expressed as

f (u, v) =
1

2πσ 2

1 − ρ2

exp

−

1
2σ 2(1 − ρ2)


(u − µ1)

2
− 2ρ(u − µ1)(v − µ2) + (v − µ2)

2 (u, v ∈ R).

Then it satisfies
f (u, v)

f (v, u)
= exp


(v − u)(µ2 − µ1)

(1 − ρ)σ 2


(u < v).

Agresti (1983) described that f (u, v)/f (v, u) has the form θv−u for some constant θ , and hence the LDPS model may be
appropriate for a square ordinal table if it is reasonable to assume an underlying bivariate normal distribution with equal
marginal variances (see also Tomizawa, 1991; Yamamoto et al., 2007; Yamamoto et al., 2008; Tahata and Tomizawa, 2010).
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In addition, the normal density f (u, v) can be expressed as

f (u, v) = ca(u−v)2

1 au−v
2 b(u+v)2

1 bu+v
2 ,

where

c =
1

2πσ 2

1 − ρ2

exp

−

(µ1 − µ2)
2

4σ 2(1 − ρ)
−

(µ1 + µ2)
2

4σ 2(1 + ρ)


,

a1 = exp


−1
4σ 2(1 − ρ)


,

a2 = exp


µ1 − µ2

2σ 2(1 − ρ)


,

b1 = exp


−1
4σ 2(1 + ρ)


,

b2 = exp


µ1 + µ2

2σ 2(1 + ρ)


.

Then, the normal distribution type symmetry (NDS) model was proposed by Tahata et al. (2009) as follows:

pij = ξα
(i−j)2
1 α

i−j
2 β

(i+j)2
1 β

i+j
2 (i = 1, . . . , r; j = 1, . . . , r).

This model is a special case of the LDPS model. Tahata et al. (2009) pointed out that the {pij} has a similar structure to the
bivariate normal density with equal marginal variances, and hence the NDS model may also be appropriate for a square
ordinal table if it is reasonable to assume an underlying bivariate normal distribution with equal marginal variances.

The skew normal distribution (e.g., Azzalini and Dalla Valle, 1996) is well known to be an extended distribution of the
normal distribution. A standard bivariate skew normal density function g2(u) is given as

g2(u) = 2φ2(u)Φ(γ ′u) (u ∈ R2), (1)

where φ2(·) and Φ(·) denote, respectively, the probability density function of the N2(0, I2) distribution and cumulative
distribution function of the standard normal distribution, and γ ∈ R2 is the skewness parameter (see Baghfalaki and Ganjali,
2011). More generally, for an N2(µ, Ω) distribution, we denote the equivalent functions by φ2(·; µ, Ω). As a location-scale
extension of (1), the bivariate skew normal density h(v) is given as

h(v) = 2φ2(v; µ, Ω)Φ(γ ′Ω−1/2(v − µ)) (v ∈ R2), (2)

with the mean vector µ, the covariance matrix �, and the skew vector γ , where

µ =


µ1
µ2


, � = σ 2


1 ρ
ρ 1


, γ =


γ1
γ2


.

When γ = 0, the density (2) is equivalent to the density of theN2(µ, Ω) distribution. Then, we are interested in considering
a model which has a similar structure of bivariate skew normal density of (2).

The purpose of this paper is to propose a newmodelwhichmay be appropriate for a square ordinal table if it is reasonable
to assume an underlying bivariate skew normal distribution with equal variances. Section 2 describes the new model and
goodness-of-fit test, Section 3 shows some numerical simulations, and Section 4 analyzes the decayed teeth data using the
proposed model.

2. Newmodel and test

We consider a new model based on the skew normal distribution for square contingency tables with ordinal categories.
In Section 2.1, we propose a skew normal distribution type symmetry model, namely SNDS. In Section 2.2, we describe a
goodness-of-fit test for the model SNDS.

2.1. Skew normal distribution type symmetry model

We propose a new model for square contingency tables with ordinal categories as follows:

pij = 2ξα
(i−j)2
1 α

i−j
2 β

(i+j)2
1 β

i+j
2 Φ(iλ1 + jλ2) (i = 1, . . . , r; j = 1, . . . , r),

where Φ(·) is the cumulative distribution function of the standard univariate normal distribution, and λ1, λ2 ∈ R. Then we
shall refer to this model as the skew normal distribution type symmetry (SNDS) model. It is easily seen that the SNDSmodel
is an extension of the NDS model.
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