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Abstract

This article describes a Bayesian semiparametric approach for assessing agreement between two methods for measuring a contin-
uous variable using tolerance bands. A tolerance band quantifies the extent of agreement in methods as a function of a covariate by
estimating the range of their differences in a specified large proportion of population. The mean function of differences is modelled
using a penalized spline through its mixed model representation. The covariance matrix of the errors may also depend on a covariate.
The Bayesian approach is straightforward to implement using the Markov chain Monte Carlo methodology. It provides an alternative
to the rather ad hoc frequentist likelihood-based approaches that do not work well in general. Simulation for two commonly used
models and their special cases suggests that the proposed Bayesian method has reasonably good frequentist coverage. Two real data
sets are used for illustration, and the Bayesian and the frequentist inferences are compared.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this article, we discuss inference procedures for the following problem: we have a scalar response yx , which
conditional on a scalar continuous covariate x ∈ X, follows a N(�x ≡ f (x, �, b), �2

x) distribution. The mean function
f is modelled nonparametrically via penalized splines regression. A pth degree spline model is

f (x, �, b) = �0 + �1x + · · · + �pxp +
K∑

k=1

bk(x − ck)
p
+ = Xx� + Zxb, (1)

where � is the (p + 1) × 1 vector (�0, . . . , �p); K is the number of knots; b is the K × 1 vector (b1, . . . , bK);
c1 < · · · < cK are the knot locations; b1, . . . , bK are the coefficients of the truncated polynomial basis functions (x −
c1)

p
+, . . . , (x −cK)

p
+; (x −c)+ =max{0, x −c}; Xx is the 1× (p+1) vector (1, x, . . . , xp); and Zx is the 1×K vector

((x − c1)
p
+, . . . , (x − cK)

p
+). See Ruppert et al. (2003) for an excellent introduction to the methodology of penalized

splines regression. We use the mixed model representation of the spline f, where the coefficients b1, . . . , bK are treated
as independently distributed N(0, �2

b) variables. In the mixed model terminology, � is called a fixed-effect and b is
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called a random-effect. Our main interest lies in the parameter function qx—the p0th quantile of |yx | for a given large
probability p0. It is defined as

qx = �x{�2
1(p0, �

2
x/�

2
x)}1/2, (2)

where �2
1(p0, �) denotes the p0th quantile of a noncentral chisquare distribution with one degree of freedom and

noncentrality parameter �. This function is random under the mixed model representation of (1). Our goal is to obtain
a simultaneous upper bound Ux such that

Pr(qx �Ux, x ∈ X) = 1 − �. (3)

In practice, X is a finite interval representing the range of observed values of x.
We are interested in the application of this methodology to assess agreement between two methods of measuring a

continuous response. In a typical method comparison study, one method serves as a test method and the other serves as a
reference. Generally the test method provides a cheaper or less invasive alternative to the reference method. Sometimes
the test method may well be more accurate and precise than the reference method. The goal of their comparison is
to evaluate the extent of their agreement and judge whether it is high enough to warrant their interchangeable use in
practice. In this context, x is a covariate and yx represents the population of differences in paired measurements from
the two methods at x. The quantile qx measures the extent of agreement between the methods. Its small value implies
a good agreement at x. With Ux defined by (3), the interval [−Ux, Ux], x ∈ X, becomes a p0 probability content
simultaneous tolerance band for the distribution of yx over X in the sense that

Pr{Fx(Ux) − Fx(−Ux)�p0, for all x ∈ X} = 1 − �,

where Fx is the cumulative distribution function of yx . This band estimates the range of p0 proportion of population
differences as a function of x. The practitioner uses it to infer regions of X where the differences within the band
are clinically unimportant. The agreement in these regions is considered good enough for interchangeable use of the
two methods. This approach for agreement evaluation was introduced in Lin (2000), Lin et al. (2002) and Choudhary
and Nagaraja (2007) for the case when the differences are independently and identically distributed. The agreement
measure here—the p0th quantile of absolute differences, is called the “total deviation index” in Lin (2000). Choudhary
and Ng (2006) extended this approach for the case when the distribution of differences depends on x, and Choudhary
(2007) generalized it to incorporate repeated measurements data. We now introduce two real data applications.

Oestradiol data: In this example from Hawkins (2002), the interest lies in comparing two assays for Oestradiol—a
naturally occurring female hormone synthesized to treat estrogen deficiency. The data consist of pairs of measurements
of Oestradiol concentration (in pg/ml) from the two assays. Here we take the difference (assay1−assay2) in concentra-
tions as the response yx and the average concentration as the covariate x. This average serves as a proxy for the magnitude
of the true concentration. Its choice as the covariate is motivated by an exploratory analysis of the data. Let (xi, yi) be
the value of (x, yx) on the ith unit in the sample, i = 1, . . . , m = 139. We take X= [min xi = 2, max xi = 12, 201]. The
scatterplot of (log x, yx) in Fig. 1(a) reveals that the mean response and the variability in response depend on x. For
these data, Choudhary and Ng (2006) consider a model of the form

yi = f (xi, �, b) + h1/2(xi, �, �)	i , (4)

where the mean function f is given by (1); the errors 	i’s follow independent N(0, �2
e) distributions and are mutually

independent of the random-effects bk’s; and h is a variance function for modelling heteroscedasticity. It follows that the
response yx ∼ N(�x =f (x, �, b), �2

x =�2
e h(x, �, �)). Based upon this model, the authors describe a likelihood-based

methodology for computing Ux to satisfy (3). We analyze these data in Section 4.
Body fat data: In this Young Women’s Health Study example from Chinchilli et al. (1996), we are interested in

comparing two methods for measuring percentage body fat—skinfold calipers and dual energy X-ray absorptiometry
(DEXA). The data consist of paired body fat measurements from the two methods taken over a course of about five
years on a cohort of m = 91 adolescent girls. There were nine visits of the girls roughly six months apart with the
first visit around age twelve. DEXA measurements are not available for the first visit. We have between four to eight
complete pairs of measurements on each girl yielding a total of 654 pairs after excluding three outliers. Fig. 2 presents
the scatterplots of these data for visits two through nine. The methods do not seem to be highly correlated. Here we take
the covariate x as (age in years at the time of visit−12) ∈ X=[−0.80, 5.30]. Let yij be the difference (calipers−DEXA)
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