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1. Introduction

Diagnostic testing is an extremely important aspect of medical care. Medical diagnosis usually involves the classification
of patients into two or more categories. The evaluation of a diagnostic test procedure involves estimation of parameters that
describe the accuracy of diagnostic test and it is therefore of paramount importance to correctly estimate the diagnostic
accuracy to decide on the best test for certain disease. When subjects are categorized in a binary fashion, i.e., non-diseased
and diseased, a receiver operating characteristic (ROC) curve, defined as a plot of sensitivity versus 1-specificity, is an
important statistical tool for evaluating the accuracy of continuous diagnostic tests, and the area under the ROC curve (AUC)
is one of the common indices used for overall diagnostic accuracy (e.g., Zhou et al., 2002; Pepe, 2003; Shapiro, 1999; Faraggi
and Reiser, 2002).

In many situations the diagnostic decision is not limited to a binary choice. For example, a clinical assessment, NPZ-8,
of the presence of HIV-related cognitive dysfunction (AIDS Dementia Complex—ADC) would discriminate between patients
exhibiting clinical symptoms of ADC (combined stages 1-3), subjects exhibiting minor neurological symptoms (ADC stage
0.5) and neurologically unimpaired individuals (ADC stage 0) (Nakas and Yiannoutsos, 2004). Another example provided by
Xiong et al. (2006) concerns mild cognitive impairment (MCI) or early stage Alzheimer’s disease (AD) being a transitional
stage between the cognitive changes from normal aging and the more severe problems caused by the AD. Thereafter, we
refer the disease status between “non-diseased” and “diseased” as “intermediate”, in other words, transitional status.
For such disease processes with three stages, binary statistical tools such as ROC curve and AUC need to be extended.
The ROC surface and the volume under the surface (VUS) have been proposed to assess the accuracy of tests with three
ordinal diagnostic categories; e.g., Scurfield (1996) and Nakas and Yiannoutsos (2004) discussed ROC surface for multi-class
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diagnostic problems and developed the VUS to summarize the diagnostic accuracy with three ordinal diagnostic categories;
Nakas and Yiannoutsos (2004) and He and Frey (2008) also discussed the nonparametric estimation of a single VUS; Xiong
et al. (2006) proposed to estimate the VUS under the normality assumption and Li and Zhou (2009) studied the estimation
of three-dimensional ROC surfaces with nonparametric and semi-parametric estimators.

In this article, we focus on estimation of the VUS. The purpose of this paper is two-fold: (1) We propose two kernel
smoothing based approaches (K1 and K2) for estimation of the VUS, and examine the use of Box-Cox type transformation
before applying the kernel smoothing based approaches (K1T and K2T) and (2) We perform an extensive simulation study
to compare bias and root mean square error (RMSE) of the proposed approaches with those of the existing parametric and
nonparametric methods. One of the existing nonparametric VUS estimators is based on the Mann-Whitney U statistic (MW)
and the other one is from empirical distribution plug-in (EP), and the existing parametric estimators are either based on the
normality of the data (N) or the normality of transformed data using Box-Cox type transformation (NT). The details of the
existing estimators of the VUS are reviewed in Section 2. The proposed kernel smoothing based approaches will be presented
in Section 3. An extensive simulation study comparing different VUS estimation procedures in terms of bias and RMSE is
conducted in Section 4. In Section 5, we apply all the methods to a real data set of 203 participants from a cohort study for
the detection of Glycan biomarkers for liver cancer to estimate the diagnostic accuracy of a particular protein segment in
discriminating different stages of liver cancer. Section 6 provides a concluding discussion.

2. Existing approaches for estimation of the VUS

This section presents the preliminaries of VUS (Section 2.1) and reviews the existing nonparametric and parametric VUS
estimators (Sections 2.2 and 2.3).

2.1. Preliminaries

ROC surface, analogous to ROC curve, has been proposed to assess the accuracy of tests with three ordinal diagnostic
categories. Let Y1, Y5 and Y3 denote the scores resulting from a diagnostic test and let F;, F, and F3 be the corresponding
cumulative distribution functions for non-diseased, intermediate and diseased subjects, respectively. Assume the results of
a diagnostic test are measured on continuous scale and higher values indicate greater severity of the disease. Given a pair
of threshold values ¢ and c3 (c; < ¢3), let §; = Fi(cq1), 63 = 1 — F3(c3) be the true classification rates for non-diseased
and diseased category, respectively. Then the probability that a randomly selected subject from intermediate category has
a score between c; and c3 is

8 =Fa(c3) = B(e) = K [y ' (1= 83)] = B [Fy 18] ()
The triplet (81, 82, 83), where 6, = &,(81, 83) is a function of (84, &3), would produce an ROC surface in the three-
dimensional space for all possible (c, c3) € R?. As the ROC curve for a binary diagnosis represents the trade-off between
sensitivity and specificity for the two categories (non-diseased and diseased), the ROC surface represents the three-way
trade-off among the correct classification probabilities for the three categories.
In order to summarize the overall diagnostic accuracy for the diagnostic test, the volume under the ROC surface (VUS)
has been considered. It is defined as

1 1—F3[F;1(51)]
VUS = / / B [Fy'(1—85)] — B [F{'(81)] d8sds;. (2)
0 0

This is a generalization of the AUC for an ROC curve under a binary classification. One could show that VUS is mathematically
equivalent to the probability P(Y; < Y, < VY3) when Y;,Y, and Y3 are randomly selected from each diagnostic
category, respectively. For a useless test (when Y7, Y, and Y3 have identical distributions), VUS is 1/6. For more details, see
Xiong et al. (2006).

2.2. Nonparametric approaches (MW and EP)

Assume the sample sizes for non-diseased, intermediate and diseased subjects are nq, n, and ns, respectively. The
unbiased nonparametric Mann-Whitney U statistic of the probability P(Y; < Y> < Y3), i.e., the VUS, is given by

n n n
1 1 2 3

v= ninyns ZZZI(Y” <Yy < V3, -

i=1 j=1 k=1

where I(-) stands for the indicator function (Nakas and Yiannoutsos, 2004). We denote this estimator by MW. Li and Zhou
(2009) proposed the nonparametric estimator of ROC surface by replacing all the cumulative distribution functions in (1)
with their empirical counterparts. Thus, the estimated VUS is given by
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