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a b s t r a c t

In this paper, we formulate a flexible density function from the selection mechanism
viewpoint (see, for example, Bayarri and DeGroot (1992) and Arellano-Valle et al. (2006))
which possesses nice biological and physical interpretations. The new density function
contains as special cases many models that have been proposed recently in the literature.
In constructing this model, we assume that the number of competing causes of the event
of interest has a general discrete distribution characterized by its probability generating
function. This function has an important role in the selection procedure as well as in
computing the conditional personal cure rate. Finally, we illustrate how various models
can be deduced as special cases of the proposed model.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Recently, there has been a great interest among statisticians and applied researchers in constructing flexible families
of distributions to facilitate better modeling of data. Consequently, a significant progress has been made in developing
the generalizations of some well-known lifetime distributions and their successful application to problems in areas such
as engineering, environmetrics, economics and biomedical sciences. The purpose of this work is to formulate a unified
procedure with a biological and physical interpretation that includes as special cases many of these lifetime distributions.
For formulating this procedure, we choose the selection approach discussed by Bayarri and DeGroot (1992) and Arellano-
Valle et al. (2006). This selection approach is useful for obtaining flexible distributions from the original model based on the
occurrence of some related selection randomvariables.Moreover,we introduce a newnotion, called the conditional personal
non-cure rate, for which we give an interpretation in terms of selection or weight function. Another related measure is the
conditional personal cure rate which is of interest when, for example, successfully treated cancer patients may die from a
cause other than the diagnosed cancer.

The rest of this article is organized as follows. In Section 2, the unified model is developed from the selection mechanism
viewpoint and the idea of the conditional personal probability is introduced. In Section 3, many of the recently introduced
lifetime distributions are obtained as special cases from the proposed unified model, and some new interpretations from
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a biological viewpoint are given to them. Section 4 deals with some mathematical properties of the unified model. Two
applications of some distributions, discussed in Section 3, are given in Section 5. Finally, Section 6 offers some concluding
remarks.

2. A unified selection distribution

Selection mechanisms arise when a random sample from the entire population might be too difficult or too expensive
to secure and so flexible models must be developed to incorporate this constraint on the observations. We formulate the
selection distributions here within a biological context, where the population is restricted to patients not cured from an
event of interest such as disease or tumor. In biological context, we mean that the damaged cells are competing to produce
detectable tumors. The time for the jth damaged cell (clonogens) to transform into a detectable tumor (promotion time) is
denoted by Xj, j = 1, . . . ,N , where N denotes the unobservable number of damaged cells that can produce the event of
interest. In the sequel, we suppose that N has its probability mass function (pmf) given by

pn = P(N = n), n = 0, 1, . . . . (1)

Let AN(s) =
∑

∞

n=0 pn s
n be the corresponding probability generating function (pgf) for 0 < s < 1, and p0 the cure rate. We

assume that, conditional on N , that the Xj’s are i.i.d. having density function g(x) and survival function S(x) = 1 − G(x).
Usually, exponential, piecewise exponential (Chen and Ibrahim, 2001) andWeibull distributions are used to represent g(x).

GivenN = n and the lifetime T = t , let Zj, j = 1, . . . , n, be independent random variables, independently ofN , following
a Bernoulli distribution with success probability G(t) indicating the presence of the jth competing cause (or clonogens) at
time t . The discrete variable Nt , representing the total number of competing causes among the N initial competing causes
that are present at time t , is then given by

Nt =


Z1 + Z2 + · · · + ZN , if N > 0,
0, if N = 0. (2)

It follows from the fundamental formula for conditional probabilities that

P(Nt = j) =

∞−
n=j

pn

Binomial(n,G(t))  
P(Nt = j|N = n),

and its corresponding pgf (Feller, 1968) is

ANt (s) = AN [1 − (1 − s)G(t)]. (3)

The long-term survival function (Rodrigues et al., 2008) can be obtained from (3) as

SPop(t) = P(T ≥ t) = P(Nt = 0) = ANt (0) = AN [S(t)], (4)

where AN(.) is the pgf of the discrete random variable N .
Motivated by the work of Arellano-Valle et al. (2006), we start with a definition of a selection distribution and its

association with the pgf ANt (s) and density function g(x) of the promotion time random variable X . First, we assume that
the population is divided into two sub-populations of cured and non-cured patients defined by the following binary random
variable for any time t:

Ut =


1, if Nt ≥ 1,
0, if Nt = 0, (5)

where P(Ut = 1) = 1 − P(Nt = 0) = 1 − p0.

Definition 2.1 (Selection Distribution). Let T be a non-negative lifetime random variable and X the promotion time with
probability density function (pdf) g(x). We define the selection distribution of T as the conditional distribution of X , given
Ut = 1.

This definition simply states that the selection probability distribution of T is the probability distribution of X , truncated by
non-cured patients. We show that this viewpoint is quite useful to obtain new classes of flexible lifetime distributions and
also to unify many models proposed recently in the literature.

Indeed, if X in Definition 2.1 has pdf g(x), then T has a pdf fT (t) given by

fT (t) =
g(t) P(Ut = 1 | X ≤ t)

P(Ut = 1)
=

g(t) P(Ut = 1 | X ≤ t)
1 − p0

. (6)

In fact, (6) can be expressed as a weighted distribution (Bayarri and DeGroot, 1992)

fT (t) =
w(t) g(t)
E[w(X)]

, (7)
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