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a b s t r a c t

Sufficient dimension reduction methodologies in regression have been developed in the
past decade, focusing mostly on predictors. Here, we propose a methodology to reduce the
dimension of the response vector in multivariate regression, without loss of information
about the conditional mean. The asymptotic distributions of dimension test statistics
are chi-squared distributions, and an estimate of the dimension reduction subspace is
asymptotically efficient. Moreover, the proposed methodology enables us to test response
effects for the conditional mean. Properties of the proposed method are studied via
simulation.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

One goal of Sufficient dimension reduction (SDR) in regression is to replace the predictorsX ∈ Rpwith a lower dimensional
projection PSX onto a subspace S of Rp, without loss of information on selected aspects of the conditional distribution of
Y|X, where Y = (Y1, . . . , Yr)T is the response vector with r ≥ 2 and PS stands for the orthogonal projection operator onto
S with the usual inner product space. We assume throughout, that the data (Xi, Yi), i = 1, . . . , n, are a random sample of
(X, Y)with finite fourth moments. We use S(B) to denote the subspace of Rp spanned by the columns of B ∈ Mp×r(R).
Methodologies for SDR in multivariate regression have been recently developed by Li et al. (2003), Cook and Setodji

(2003), Setodji and Cook (2004) and Yoo and Cook (2007). Li et al. (2003) provided a method to reduce the dimensions
of both X and Y, by applying sliced inverse regression (SIR; (Li, 1991)) twice in additive-error multivariate regression
models. Focusing on estimation of the multivariate central mean subspace, Cook and Setodji (2003) developed a method
for SDR in multivariate regression to reduce the dimension of X alone. They used a set of the OLS coefficient vectors
β = Σ−1X cov(X, Y

T), where ΣX = cov(X), to estimate the multivariate central mean subspace. Setodji and Cook (2004)
proposed K -means inverse regression to reduce X without loss of information on the conditional distribution of Y|X.
K -means inverse regression involves application of a K -means algorithm to cluster Y. These clusters can then be used as
slices, and SIR applied in usual way. Yoo and Cook (2007) developed an optimal version of Cook and Setodji (2003).
Analysis of repeatedmeasures, longitudinal data, or curve or time series data is often difficult, due to high dimensionality

of Y, although the dimension of X is relatively low. The study of such data would be facilitated if we could find a low
dimensional linear transformofY that adequately describes the regression relationship. Unfortunately,most SDRmethods in
multivariate regression have focused on reducing the dimension ofX, notY. The onlymethod to provide response dimension
reductionwas proposed by Li et al. (2003), but it has notable deficiencies since, as discussed in Section 6, it does not perform
well with correlated responses, it requires user-selected tuning parameters that can affect performance, and its asymptotic
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properties are unknown. In this article, we propose SDRmethodology to address these deficiencies, with the specific goal of
reducing the dimension of Y without loss of information on E(Y|X). For illustration, the method is applied to epilepsy data
by Thall and Vail (1990).
The organization of this article is as follows. We define working targets and investigate their properties in Section 2.

Section 3 is devoted to developing our methodology to reduce Y, including related inference procedures. In Section 4 we
define hypotheses for response effects and address the test statistics and their asymptotic distributions. Section 5 contains
simulation studies and data analysis. In Section 6 we summarize our work and compare it with the method proposed by Li
et al. (2003). Proofs for most results are given in the Appendix.

2. Dimension reduction of responses

2.1. Linear response reduction

Consider a multivariate regression Y|X, and define L to be a r × q matrix with smallest possible rank q ≤ r so that
E(Y|X) = AE(LTY|X),, whereA is a r×qmatrix. This says thatX can be thought of as influencing LTY and all other conditional
mean components are determined from E(LTY|X) viaA. LetΩ denote the support ofX. Assuming that {E(LTY|X = x)|x ∈ Ω}
spans a q dimensional subspace of Rp, it can be shown that A is a generalized inverse of LT: LTALT = LT. Without loss of
generality, we take A = ΣYL(LTΣYL)−1 with ΣY = cov(Y) > 0. Then LAT forms the orthogonal projection operator PL(ΣY)

for S(L) relative to the inner product 〈v1, v2〉ΣY = v
T
1ΣYv2, so we have

E(Y|X) = E[{PTL(ΣY)
Y|X}]. (1)

This says that E(Y|X) varies in the subspace spanned byΣYL. Statement (1) implies that E(Y|X = x) ∈ S(ΣYL) for all x ∈ Ω .
If q < r , we accomplish the dimension reduction forYwithout loss of information about E(Y|X). This dimension reduction

will be called linear response reduction. A matrix L satisfying (1) always exists for any multivariate regressions, because we
can set L = Ir . The following example is provided as the illustration:

Example 1. Suppose {X = (X1, X2, X3)T, ε = (ε1, ε2, ε3)T}T ∼ N(0, I6). Define Y = (Y1, Y2, Y3)T as follows: Y1 = X1 + ε1,
Y2 = X1 + ε2 and Y3 = ε3. Then L = (1, 1, 0)T, and PTL(ΣY)

= {(0.5, 0.5, 0)T, (0.5, 0.5, 0)T, (0, 0, 0)T}.

The following lemma shows that linear response reductions are equivariant under non-singular transformations of Y.

Lemma 1. Suppose that L satisfies (1) for Y|X. Let G be an r × r non-singular matrix. Then, G−TL satisfies (1) for GY|X.

LetW be any matrix that satisfies (1) and is orthogonal to L in the inner product 〈·, ·〉ΣY . For L
∗
= (L,W), (1) holds, because

PL∗(ΣY) = PL(ΣY) + PW(ΣY) and PTW(ΣY)
E(Y|X = x) = 0 for all x ∈ Ω by the fact that E(Y|X) ∈ S(ΣYL). This implies the

existence of multiple Ls satisfying (1). The L with the smallest rank can be defined uniquely as suggested by the following
proposition.

Proposition 1. Let L and L∗ both satisfy (1). Let the columns of the matrix φ be a basis for S(L)∩S(L∗). Then φ also satisfies (1).

2.2. Conditional response reduction

Reconsider Example 1 with Y2 defined as Y2 = Y 21 + ε2. Then the matrix L = {(1, 0, 0)T, (0, 1, 0T)} satisfies (1) and
has smallest rank. However, all the information on E(Y|X)with respect to the responses comes from Y1 alone. To cover this
situation, we suppose that the following conditional statements holds for someM ∈ Mr×q(R):

E(Y|X) = E{E(Y|X,MTY)|X}

= E{E(Y|MTY)|X}. (2)

The equivalence (2) always holds, because the identity matrix is one of the possible choices for M. The conditional mean
E(Y|MTY) is a function, say g , of MTY, so we can rewrite the right hand side of (2) as E{g(MTY)|X}. Consequently, E(Y|X)
can be fully characterized by the regression g(MTY)|X, and we achieve dimension reduction of Y if q < r . We will call this
conditional response reduction. In Example 1, (2) holds for M = (1, 1, 0)T, while, in the revised version of Example 1, (2)
holds forM = (1, 0, 0)T.
For conditional response reduction, the relationship between GY|X and Y|X is the same as linear response reduction:

Lemma 2. Suppose that M satisfies (2) for Y|X. Let G be a r × r non-singular matrix. Then G−TM accomplishes conditional
response reduction for GY|X.
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