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1. Introduction

Many times estimators are demanded for domains or subgroups of the population for which the survey providing the data
was not planned for. Then, for the domains with small sample size, direct estimators, obtained only using the sample data
from the target domain, might not be reliable. Those domains are considered as “small domains” or “small areas”. This fact
has lead to the development of indirect estimators that make use of the information from related areas, by assuming either
implicit or explicit models. These models link all the domains to enhance the estimation at a particular area, that is, they
allow to borrow strength from other areas. Estimators based on explicit models, called typically model based estimators,
are generally more precise than direct estimators, especially in the areas with smaller sample sizes.

When auxiliary variables related to our study variable are available at the area level (that is, population aggregates are
available), a model that has been widely used in the literature of small area estimation and in numerous applications is the
basic Fay-Herriot model. This model was first proposed by Fay and Herriot (1979) to obtain small area estimates of mean
per capita income in US small areas using survey data. The model is composed of two-stages. In the first stage a model, called
sampling model, is used to represent the sampling error of direct estimators. Let 14 be the characteristic of interest in d-th
area (typically the mean) and y, be a direct estimator of ©4. The sampling model indicates that direct estimators {yq} are
unbiased and can be expressed as

Yi=MHdg+e, d=1,...,D,

where D is the total number of areas or domains target of inference. Here, {e;} are sampling errors, which, given 4, are
independent and normally distributed with known variances, that is eg|uqg ~ N(O, adz), where adz is the (assumed known)
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design-based variance of direct estimator y4,d = 1,...,D. In the second stage, the true area characteristics {uq} are
assumed to vary linearly with a number p of area level auxiliary variables, that is,

[,Ld=X:1ﬂ+ud, d=1,...,D,

where X is a (column) vector containing the aggregated (population) values of p auxiliary variables for area d, S is the vector
of regression coefficients and {u,} are model errors, typically assumed to be i.i.d. from N (0, 03) with variance auz unknown
and independent of {e4}. Note that this model, called the linking model, links the target quantities 14 of all the areas through
the common regression parameter B. The Fay-Herriot model can be expressed as a single model in the form

Ya=XB+us+e, d=1,...,D.

Many different extensions of this model have been proposed in the literature. For example, a multivariate generalization
was studied by Gonzalez-Manteiga et al. (2008). When available, historical data offer precious information that can be used
toimprove the estimators at the current instant, that is, it is also possible to borrow strength from time. In this sense, Choudry
and Rao (1989) extended the basic Fay-Herriot model including several time instants and considering an autocorrelated
structure for sampling errors. More concretely, they considered the model

Yar =XypB+us+eq, d=1,...,D,t=1,...,T,

where here, y4 and X4 are respectively the response and the vector of auxiliary variables for area d at time instant t, with
Wde = X, + uq being the target characteristic for the same area and time instant. For each domain d, the errors {edt}tT:1
were assumed to follow an autoregressive process of order 1, AR(1), that is,

iid. 5
eqr = Pedr—1 + €, |p|l <1, € ~ N(O,07).

This model is not allowing for time variation in the area characteristics {14} that is not explained by auxiliary variables.
Another simple model that borrows information across areas and over time, and which includes unexplained area-time
variation, was proposed by Rao and Yu (1994), and is given by

Yar = Xy B+ U1g + togr + €4, d=1,....,D, t=1,...,T, (1)

with g = X}, B + u1q + Upgr being now the target characteristic for area d and time instant t. In this model, the area
effects {u14} are constant over time following the usual assumptions in the basic Fay-Herriot model and, for each area
d, {Uzdt}Ll are time-varying effects that follow an AR(1), but they are independent across areas. Sampling errors {e4; }[T:1 are
also independent across areas and normally distributed with zero mean vector and general covariance matrix Xy, assumed
to be known. Sampling errors {e4} are also independent of area and area-time random effects, {uy} and {u4}. Rao and Yu
(1994) estimated the variance parameters by a method of moments and, for known autocorrelation parameter p, they gave a
second order approximation to the mean squared error (MSE) of the empirical best liner unbiased predictor (EBLUP) obtained
from that model. They also proposed several alternative estimators of p together with corresponding MSE estimators. In
simulation studies, they report significant gains in efficiency of the EBLUP based on the temporal model when the between-
time variation relative to sampling variation was small and area variation was large. Their results indicated that the efficiency
was growing with the number of available time instants T.

Other models with temporal correlation have been proposed. Ghosh et al. (1996) proposed a slightly more complicated
time correlated area level model to estimate the median income of four-person families for the fifty American states and
the district of Columbia. You and Rao (2000) and Datta et al. (2002) used the Rao-Yu model (1), but replacing the AR(1)
process by a random walk. Datta et al. (1999) considered a similar model but added extra terms to the linking models to
reflect seasonal variation in their application. They applied their model to estimate monthly unemployment rates for nine
American states and the district of Columbia. You et al. (2001) applied the Rao-Yu model to estimate monthly unemployment
rates for census metropolitan areas in Canada. Finally, Pfeffermann and Burck (1990) and Singh et al. (1991) considered a
model with time-varying random slopes obeying an autoregressive process.

Apart from making use of historical data and including the temporal correlation in the model, it is well known that
when there is unexplained spatial correlation in the data, not considering it in our model will lead to erroneous inferences
(Cressie, 1993). In small area estimation, when areas are properly delimited regions of the population, closer areas tend to
have more similar socio-economic characteristics. This was taken into account in the basic Fay-Herriot model by Singh et al.
(2005), Petrucci and Salvati (2006) and Pratesi and Salvati (2008), who considered an extension of the Fay-Herriot model
by assuming that area effects {u4} follow a simultaneously autoregressive process of order 1 or SAR(1). When data from
neighboring areas are correlated, considering this kind of spatial correlation in the model leads to more efficient small area
estimators, see Molina et al. (2009). Bayesian spatial models have been considered by Moura and Migon (2002) and You and
Zhou (2011). Thus, taking into account the spatial correlation among data from different areas allows to borrow even more
strength from the areas.

Here we consider a model that incorporates historical data similarly as in the Rao-Yu model, and at the same time
includes spatial correlation among data from neighboring areas. We study small area estimation under this spatio-temporal
model, deriving first model parameter estimators, then obtaining EBLUPs of the area means and finally describing a
parametric bootstrap procedure for estimation of the MSE of the EBLUPs. Simulation studies analyze the performance of
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