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a b s t r a c t

Consider the familyC of all connected simple graphs onn verticeswhichhave k cut-vertices.
We state some properties of the graph in C which has the minimum Kirchhoff index. In
particular, we characterize this graph in the cases that k ≤

n
2 or k ≥ n − 3. Also we

characterize the graph G in C having a non-cut-vertexwith the lowest resistive eccentricity
index among all non-cut-vertices of all graphs in C.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, all graphs are supposed to be simple and connected. Also, we assume that G is a graph with vertex set V(G)
of size n(G) and edge set E(G) and by N(x) we mean the set of neighbors of a vertex x.

The concept of resistance distance was first introduced by Klein and Randić [8]. If we view G as an electrical network
and replace each edge of G with a unit resistor, the resistance distance between any two vertices a and b, denoted by rab(G)
or simply rab, is defined to be the effective resistance between a and b as computed by Ohm’s and Kirchhoff’s laws (for a
detailed definition see [12]). Now the Kirchhoff index of G is defined as:

Kf(G) =
1
2


a,b∈V(G)

rab.

Also Kfv(G) =


a∈V(G) rva is called the resistive eccentricity index of v.
Recently this concept has got a wide attention from different authors especially those interested in applications in

quantum chemistry, see for example [2,4,11]. In some researches such as [1,15,14], resistance distance is studied from a
probabilistic point of view and a relation between this concept and Markov chains is established. Many researchers have
paid attention to the Kirchhoff index of graphs with some symmetry or graphs constructed from graph operations, for
example see [7,10,5,6,17,19,22,21,13]. Another questionwhich has got attention recently is finding graphs havingminimum
ormaximum Kirchhoff index within a specific class of graphs, see [9,3,18,20,16]. In particular, in [3] the minimum Kirchhoff
index of graphs with a given number of cut-edges is computed.

The aim of this work is to study the graphs which have the minimum Kirchhoff index in the class of all graphs on n
vertices with k cut-vertices for fixed integers 0 ≤ k ≤ n− 2 (we denote this class by Cn,k or C). To this end, first in Section 2,
we find the graph in C with a vertex having minimum resistive eccentricity among all non-cut-vertices of all graphs in C.
Then in Section 3, we state some properties of the graphs with theminimum Kirchhoff index in C. As a consequence of these
properties, we characterize this graph uniquely when k ≤

n
2 .
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Fig. 1. Illustrations for proof of 2.4: (a) G; (b) G′ .

2. Minimum resistive eccentricity index of non-cut-vertices in C

We start with some lemmas. Assume that x is a cut-vertex and H1 and H2 are subgraphs of G. Here we say that (H1,H2)
is an x-separation of G, when G = H1 ∪ H2 and {x} = V(H1) ∩ V(H2).

Lemma 2.1 ([8, Lemma E]). Let x be a cut-vertex of a graph G and (H1,H2) be an x-separation of G. If i ∈ V(H1) and j ∈ V(H2),
then rij(G) = rix(H1) + rxj(H2).

Lemma 2.2 ([12, Lemma 2.2]). Let x be a cut-vertex of G and (H1,H2) be an x-separation of G. If i, j ∈ V(H1), then rij(G) =

rij(H1).

Lemma 2.3. If Kn is the complete graph on n vertices, then Kf(Kn) = n− 1, Kfx(Kn) = 2−
2
n and rxy =

2
n for each x, y ∈ V(Kn).

Proof. Easy and well-known. �

Assume G ∈ Cn,k. We say that a non-cut-vertex x ∈ V(G) attains minimum resistive eccentricity (MRE, for short) on
non-cut-vertices, when for each H ∈ Cn,k and each non-cut-vertex y of H , we have Kfx(G) ≤ Kfy(H). Also if B is a block of G,
we sometimes misuse the notation and call G[B] a block of G, too.

Proposition 2.4. Suppose that G ∈ C and x ∈ V(G) attains MRE on non-cut-vertices. Then every block of G not containing x is
an edge.

Proof. Let B be the block which contains x (note that x is a non-cut-vertex and hence is contained in just one block) and
set m = n(B). Suppose that G has a block B′

≠ B which is not an edge. Then m′
= n(B′) > 2. We will construct a graph

G′
∈ Cn,k by replacing some vertices of G, for which Kfx(G′) < Kfx(G), which is contrary to the assumption. Since adding

edges decreases Kfx(G), each block of G is a clique. Also we can assume that each cut-vertex c is contained in exactly two
blocks, else by adding all edges between two of the blocks containing c , we get a graph in Cn,k while decreasing Kfx(G).

First suppose that B and B′ have a common cut-vertex y. By the above assumptions the only blocks containing y are B
and B′. Let yi for 1 ≤ i ≤ m′

− 1 [xj for 1 ≤ j ≤ m − 2] be the vertices of B′ [B] different from y [from x and y]. Set Gi
[Hj] to be the component of the graph obtained by deleting B′ [B] – as an edge set – which contains yi [xj], and ni = n(Gi)
[rj = n(Hj)] (see Fig. 1(a)). We may assume n1 ≤ n2 ≤ · · · ≤ nm′−1. Note that the sum of all rxa’s with a ∈ V(B′) \ {y} is
(m′

− 1)rxy + Kfy(B′) by 2.1. Using 2.2 and 2.3 and a similar argument for the cases a ∈ V(Gi) \ {yi} or a ∈ V(Hj) \ {xj} we
see that

Kfx(G) = 2 −
2
m

+ 2 −
2
m′

+ (m′
− 1)

2
m

+

m′
−1

i=1


Kfyi(Gi) + (ni − 1)


2
m

+
2
m′


+

m−2
j=1


Kfxj(Hj) + (rj − 1)

2
m


.

Now let G′ be the graph obtained from G by ‘detaching’ all Gi for 2 ≤ i ≤ m′
− 1 from B′ and ‘attaching’ them to B, that

is, by deleting all edges y1yi for 2 ≤ i ≤ m′
− 1 and adding all edges between each yi and vertices of B for 2 ≤ i ≤ m′

− 1
(see Fig. 1(b)). Note that in G′ the block containing x is a clique onm+m′

− 2 vertices and the other block containing y is an
edge. Similar to Kfx(G) we can calculate Kfx(G′):

Kfx(G′) = 2 −
2

m + m′ − 2
+ 1 +

2
m + m′ − 2

+

m′
−1

i=1


Kfyi(Gi) + (ni − 1)

2
m + m′ − 2


+ (n1 − 1) +

m−2
j=1


Kfxj(Hj) + (rj − 1)

2
m + m′ − 2


.
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