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Abstract

Non-negative Matrix Factorization (NMF) and Probabilistic Latent Semantic Indexing (PLSI) have been successfully applied
to document clustering recently. In this paper, we show that PLSI and NMF (with the I-divergence objective function) optimize the
same objective function, although PLSI and NMF are different algorithms as verified by experiments. This provides a theoretical
basis for a new hybrid method that runs PLSI and NMF alternatively, each jumping out of the local minima of the other method
successively, thus achieving a better final solution. Extensive experiments on five real-life datasets show relations between NMF
and PLSI, and indicate that the hybrid method leads to significant improvements over NMF-only or PLSI-only methods. We also
show that at first-order approximation, NMF is identical to the x2-statistic.

(© 2008 Published by Elsevier B.V.

1. Introduction

Document clustering has been widely used as a fundamental and effective tool for efficient document organization,
summarization, navigation, and retrieval of large number of documents. Generally document clustering problems
are determined by three basic tightly-coupled components: (a) the (physical) representation of the given dataset;
(b) the criterion/objective function which the clustering solutions should aim to optimize; and (c) the optimization
procedure (Li, 2005).

Among clustering methods, the K-means algorithm has been the most popularly used. A recent development is the
Probabilistic Latent Semantic Indexing (PLSI). PLSI is an unsupervised learning method based on statistical latent
class models and has been successfully applied to document clustering (Hofmann, 1999). (PLSI has been further
developed into a more comprehensive Latent Dirichlet Allocation model (Blei et al., 2003).)

Non-negative Matrix Factorization (NMF) is another recent development in document clustering. The initial work
on NMF (Lee and Seung, 1999, 2001) emphasizes that the NMF factors contain coherent parts of the original data
(images). Later works (Xu et al., 2003; Pauca et al., 2004) show the usefulness of NMF for clustering with experiments
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on document collections, and a recent theoretical analysis (Ding et al., 2005) shows the equivalence between NMF
and K-means /spectral clustering.

Despite significant research on both NMF and PLSI, few attempts have been made to establish the connections
between them while highlighting their differences in the clustering framework. Gaussier and Goutte (2005) made
the initial connection between NMF and PLSI, by showing that the iterative update procedures of PLSI and NMF
are similar in that the fixed-point equations for the converged solutions are the same. However, we emphasize that
NMF and PLSI are different algorithms: they converge to different solutions, even if they start from the same initial
condition, as verified by experiments (see later sections).

In this paper, we first show that both NMF (with I-divergence objective) and PLSI optimize the same objective
function. This fundamental fact and the L;-normalization NMF ensure that NMF and PLSI are equivalent. In other
words, PLSI is equivalent to NMF with I-divergence objective.

Second, we show, by an example and extensive experiments, that NMF and PLSI are different algorithms and they
converge to different local minima. This leads to a new insight: NMF and PLSI are different algorithms for optimizing
the same objective function.

Third, we give a detailed analysis about the NMF and PLSI solutions. They are local minima of the same landscape
in a very high-dimensional space. We show that PLSI can jump out of the local minima where NMF converges to and
vice versa. Based on this, we further propose a hybrid algorithm to run NMF and PLSI alternatively to jump out of a
series of local minima and finally reach a much better minimum. Extensive experiments show this hybrid algorithm
improves significantly over the standard NMF-only or PLSI-only algorithms.

A preliminary version of this paper appeared in Ding et al. (2006). More theoretical analysis and experiments
are included in the journal version. The rest of the paper is organized as follows: Section 2 introduces the data
representations of NMF and PLSI, Section 3 presents the equivalence between NMF and PLSI, Section 4 shows
that the column normalized NMF is equivalent to the probability factorization, Section 5 uses an example to illustrate
the difference between NMF and PLSI, Section 6 gives the empirical comparison results between NMF and PLSI,
Section 7 proposes a hybrid algorithm to run NMF and PLSI alternatively and finally Section 8 concludes.

2. Data representations of NMF and PLSI

Suppose we have n documents and m words (terms). Let F = (F;;) be the word-to-document matrix: Fj; =
F(w;, dj) is the frequency of word w; in document d;.
In this paper, we re-scale the term frequency F;; by Fj; < F;;j/Ty, where T, = ), ij Fij 1s the total number of
words. With this stochastic normalization, Z F;j = 1. The joint occurrence probability p(w;, d;) = Fj;.
The general form of NMF is
F=CHT, (1)

where the matrices C = (Cjx), H = (H ) are non-negative matrices. They are determined by minimizing

JNME = 21: Z Fijlog ———— (CHT) — F;j+ (CHY),;. (2
i=1 j=

PLSI maximizes the likelihood

m n

max JpLsy, JeLsi =y Y Fijlog P(wi, d;) 3)
i=1 j=1

where P(wj;, d;) is the factorized (i.e., parameterized or approximated) joint occurrence probability

P(wi,dj) =y P(wi,djlzx) P(zx)
k

=Y P(wilze) P(dj|z) P(zk). )
k
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