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a b s t r a c t

In this paper the resource dependent assignment problem (RDAP) is considered. In the
RDAP the cost of assigning agent j to task i is a multiplication of task i’s cost parameter
by a cost function of agent j and the cost function of agent j is a linear function of the
amount of resource allocated to the agent. A solution for the RDAP problem is defined by
the assignment of agents to tasks and by a resource allocation to each agent. The quality
of a solution is measured by two criteria. The first criterion is the total assignment cost
and the second one is the total weighted resource consumption. Yedidsion et al. showed
that the bicriteria variations of the problem are all N P -hard for any given set of task costs.
However, whether these problems are strongly or ordinarily N P -hard remained an open
question. In this paper we close this gap by providing pseudo-polynomial time algorithms
for solving these problems.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Yedidsion et al. [4] have presented and analyzed a new assignment problemwhich they refer to as the resource dependent
assignment problem or RDAP in short. The problem can be presented as follows: a set of n agents is to be assigned to a set of
n tasks such that each task is performed only once and each agent is assigned to a single task. The cost of assigning agent j
to task i is given by

cij = ωi × pj

uj


, (1)

whereωi is task i’s assignment cost parameter and pj(uj) is the assignment cost function of agent j. The assignment cost function
is given by the following linear model for j = 1, . . . , n:

pj

uj


= pj − bjuj, 0 ≤ uj ≤ uj < pj/bj, (2)

where pj is the non-compressed (maximum) assignment cost for agent j; uj is a decision variable that represents the amount
of a nonrenewable resource allocated to agent j; uj is the upper bound on the amount of resource that can be allocated to
agent j; and bj is the positive cost compression rate of agent j. In this paper, we assume that the resource is divisible and
thus can be used in continuous quantities.

A solution for the RDAP problem is defined by a permutation

φ = (φ(1), φ(2), . . . , φ(n)),
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where j = φ(i) means that agent j is assigned to task i in permutation φ, and by a resource allocation vector u = (u1,
u2, . . . , un). The quality of a solution is measured by two different criteria. The first is the total assignment cost defined by

c(A) =

n
i=1

ωi × (pφ(i) − bφ(i)uφ(i)) =

n
i=1

ci,φ(i)(uφ(i)), (3)

where A = (φ,u). The second criterion is the total resource consumption cost, given by

U(A) =

n
j=1

vjuj, (4)

where vj is the cost of assigning one unit of resource to agent j. Both criteria have to be minimized.
Yedidsion et al. [4] showed that the RDAP has many real life applications. Among those applications is a large set of

scheduling problemswith controllable processing times inwhich their scheduling criterion canbe represented by or reduced
to the format in (3). They studied the following four variants of the RDAP.

• The first one, denoted by RDAP1, is to minimize the total integrated cost, c(A)+ U(A) defined by
n

i=1

ωi

pφ(i) − bφ(i)uφ(i)


+

n
i=1

vφ(i)uφ(i)

subject to

0 ≤ uj ≤ uj for j = 1, . . . , n. (5)

• The second problem, denoted by RDAP2, is to minimize c(A) given by Eq. (3) subject to Eq. (5) and

U(A) =

n
j=1

vjuj ≤ Uv, (6)

where Uv is an upper bound on the total resource consumption cost (or budget).
• The third version, denoted by RDAP3, is to minimize Eq. (4) subject to Eq. (5) and

c(A) ≤ K , (7)

where K is a given upper bound on the total assignment cost.
• The last one, denoted by RDAP4, is to identify a Pareto-optimal solution for each Pareto-optimal point, where a solution

A with c = c(A) and U = U(A) is called Pareto-optimal (or efficient) if there does not exist another solution A′ such that
c(A′) ≤ c(A) and U(A′) ≤ U(A) with at least one of these inequalities being strict. The corresponding Pareto-optimal
point is (c,U).

It should be noted that solving RDAP4 also solves RDAP1–RDAP3 as a by-product.
Yedidsion et al. [4] showed that RDAP1 can be reduced to the classical linear assignment problem (LAP) and thus can be

solved in O(n3) time. Furthermore, by using a reduction from the Partition problem, they proved that RDAP2–RDAP4 are all
N P -hard for any given set of task cost parameters with ωi ≠ ωj for any i ≠ j even if vj = 1 for j = 1, . . . , n. However,
the question whether RDAP2–RDAP4 are strongly or ordinarily N P -hard remained open. In this paper, we close this gap
in the literature by providing pseudo-polynomial time algorithms for solving RDAP2–RDAP4 problems. The algorithms are
based on the crucial insight that for each Pareto point there exists an efficient solution Awith the assignment cost function
of all but at most one agent either fully reduced, that is pj


uj


= pj − bjuj, or not reduced at all, that is, pj


uj


= pj. This

property of an efficient solution is known as the all-or-none property and is frequently observed in scheduling problems
with controllable processing times (see, e.g., [3,2]).

The rest of the paper is organized as follows. In Section 2 we present some crucial properties of efficient solutions. In
Section 3we showhowwe can use these properties to construct a pseudo-polynomial time algorithm for theRDAP2problem
and in Section 4 we show how the pseudo-polynomial time algorithm for the RDAP2 problem can be converted to solve the
RDAP3 and RDAP4 problems in pseudo-polynomial time as well. A summary and discussion section concludes the paper.

2. Properties of efficient solutions

Hereafter, without loss of generality, we assume that ω1 ≥ ω2 ≥ · · · ≥ ωn ≥ 0. The following lemma taken from [4] can
easily be derived from a well-known result in linear algebra regarding the minimization of a scalar product of two vectors
(see Hardy et al. [1]).

Lemma 1. For any given resource allocation vector u = (u1, u2, . . . , un), which fixes the agent cost function, the optimal
assignment, φ∗, can be obtained in O(n log n) time for all problem variations by ordering components of the p = (p1(u1), p2(u2),
. . . , pn(un)) vector in a non-decreasing order. The optimal assignment is then attained by matching the agent in the jth position
in this vector to task j.
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