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a b s t r a c t

In graph cleaning problems, brushes clean a graph by traversing it subject to certain rules.
Various problems arise, such as determining the minimum number of brushes that are
required to clean the entire graph. This number is called the brushing number. Here, we
study a new variant of the brushing problem in which one vertex is cleaned at a time,
but more than one brush may traverse a dirty edge. In particular, we obtain results on the
brushing number of Cartesian products of graphs and trees, as well as upper and lower
bounds on the brushing number in the general case.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we study a natural variant of the graph cleaning problem that was introduced by McKeil [9] in which all
edges and vertices of a graph are initially considered to be contaminated. Cleaning agents called brushes travel throughout
the graph, decontaminating as they go. Once each vertex has been visited, and each edge has been traversed by a brush,
the graph has then been cleaned, although in certain models recontamination may also occur. The model considered in
Chapter 3 of [9] permits edges to be traversed by more than one brush at a time, and also permits edges to be traversed on
multiple occasions.

In [10], restrictions are imposedwhereby only dirty edges can be traversed, and each edge can be traversed by atmost one
brush. This model corresponds to the minimum total imbalance of the graph which is used in the graph drawing theory [4],
and iswell studied, especiallywhen it is performed on random graphs [1,13,17]. (See also [8] for the algorithmic side, [11,16]
for a related model of cleaning with Brooms, [12] for the relationship with other elimination schemes, and a combinatorial
game [6].) In the present paper we relax one of these restrictions and allow dirty edges to be traversed by multiple brushes,
although we retain the condition that an edge can be traversed on only one occasion.

Having been inspired by chip firing processes [2], themanner inwhich brushes disperse from an individual vertex is such
that they do so in unison, provided that their vertex meets the criteria to fire. Models in which multiple vertices may fire
simultaneously are called parallel cleaningmodels (see [5] formore details). In contrast, sequential parallel modelsmandate
that vertices fire one at a time. The variant considered in [10] and the one we consider in this paper are sequential in nature.
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Fig. 1. A graph Gwith an initial configuration of 2 brushes.

When considering a graph or network, the central question under investigation is that of determining the brush
number for the graph (i.e., the minimum number of brushes that enable the graph to be cleaned), as well as to describe a
corresponding cleaning strategy. Subsequent to presenting a more formal definition of our model in Section 2, we establish
some general bounds for the brush number of an arbitrary graph, including bounds that are expressed in terms of parameters
such as cutwidth and bisection width. We then investigate two specific classes of graphs, namely Cartesian products and
trees.

For Cartesian products we prove a general upper bound on the brush number, and then establish exact values for the
brush numbers of m by n grids and hypercubes. For trees, we prove that if a tree T has dℓ(T ) vertices of degree 1, then
exactly (dℓ(T ) + 1)/2 brushes are required for an optimal cleaning strategy when dℓ(T ) is odd. If dℓ(T ) is even, then the
minimum number of brushes that are required is either dℓ(T )/2 or dℓ(T )/2 + 1, which is to say that trees with an even
number of vertices of degree 1 are partitioned into two sets depending on whether their brush number equals dℓ(T )/2 or
exceeds it by 1.

2. Definitions

As already noted, the graph cleaning model we consider here differs from the one presented in [10] in that we allow
edges to be traversed by multiple brushes. Before we define the model rigorously, we present a simple example illustrated
in Fig. 1.

In this example, all edges and vertices are initially dirty and we place two brushes at vertex a. As vertex a contains at
least as many brushes as dirty incident edges, it is able to fire. Thus, at Step 1 vertex a is cleaned and a brush is sent down
each dirty edge: edges ab and ac have been cleaned; vertices b and c have one fewer dirty incident edges. At Step 2, vertices
c, d, e and f cannot be cleaned as they each have fewer brushes than dirty incident edges; vertex b is cleaned instead and
one brush is sent to c. At Step 3, the only vertex ready to be cleaned is vertex c. It is at this point that the cleaning process
considered in this paper differs from the process described in [10]. In [10], only one brush is permitted to traverse an edge.
So one brush would be moved from c to d, whilst the other would remain at c . With our variant of the cleaning process,
more than one brush can be moved through a dirty edge. Thus, the two brushes are moved from c to d (no advantage can
be gained by leaving a brush behind). At Step 4, d is cleaned and the remaining two vertices (e and f ) can be cleaned at the
next two steps (although all edges are clean prior to the final step). Under our cleaning model this example graph can be
cleaned with just two brushes, whereas under the model considered in [10] three brushes would be required.

Now we formally define the cleaning process we are considering. Let G = (V , E) be any finite, undirected graph. The
initial configuration of brushes is given by the function ω0 : V → N0, where N0 = {0, 1, 2, . . .}, ω0(v) is the number of
brushes initially at vertex v, and all vertices and edges of the graph are initially dirty. At each step t of the process, ωt(v)
denotes the number of brushes at vertex v ∈ V , and Dt ⊆ V denotes the set of dirty vertices. An edge uv ∈ E is dirty if and
only if both u and v are dirty; that is, {u, v} ⊆ Dt . Finally, let Dt(v) denote the number of dirty edges incident to v at step t;
that is,

Dt(v) =


|N(v) ∩ Dt | if v ∈ Dt
0 otherwise

(where N(v) denotes, as usual, the neighbourhood of v).

Definition 2.1. The (generalized) cleaning process P(G, ω0) = {(ωt ,Dt)}
T
t=0 of an undirected graph G = (V , E) with an

initial configuration of brushes ω0 is as follows:

0 Initially, all vertices are dirty: D0 = V ; set t = 0.
1 Let αt+1 be any vertex in Dt such that ωt(αt+1) ≥ Dt(αt+1). If no such vertex exists, then stop the process (set T = t),

return the cleaning sequenceα = (α1, α2, . . . , αT ), the final set of dirty verticesDT , the final configuration of brushes
ωT , and the distribution of brushes δ.
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