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Complete graph characterization of (A,; B,) that is potentially Ap,1-graphic. As a corollary, we also obtain
Degree sequence a good characterization of (A,; B,) that is potentially K, 1-graphic if by > by > --- > b,,.
AR. Rao’s characterization This is an extension of A.R. Rao’s characterization of potentially K;,;1-graphic sequences.
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1. Introduction

A non-increasing sequence & = (dq, d, ..., d,) of nonnegative integers is said to be graphic if it is the degree sequence
of a simple graph G on n vertices, and such a graph G is called a realization of . The following well-known theorem due to
Erdds and Gallai [2] gives a good characterization of r that is graphic.

Theorem 1.1 ([2]).Let 1 = (d4, do, . .., dy) be a non-increasing sequence of nonnegative integers. Then  is graphic if and only
if I, d;is even and

t n
Y di<t(t—1)+ Y min{t,d} foreachtwith1<t <n.

i=1 i=t+1

A non-increasing sequence m = (dq, do, . . ., d;) of nonnegative integers is said to be potentially Ky, 1-graphic if there is
arealization of 7 containing Ky, 1 as a subgraph. A.R. Rao [7] proved that 7 is potentially K, 1-graphic if and only if 7 has a
realization containing K, 1 on those vertices having degrees dq, dy, . . ., dn+1. In [8], A.R. Rao gave a good characterization
of r that is potentially Ky, -graphic. This is a generalization of Theorem 1.1 (which corresponds to m = 0).

Theorem 1.2 ([8]). Let n > m + 1and 1 = (dy,d,, ..., d,) be a non-increasing sequence of nonnegative integers with
dm11 > m. Then 7 is potentially K, 1-graphic if and only if ZL d; is even and

p q+m+1 m+1 n
Dod—m+ Y di<2pq+q@—1)+ ) min{g,di—m}+ Y min{p+gq,d) (1)
i=1 i=m+2 i=p+1 i=q+m+2

forallpandqwith0 <p<m+1land0 <qg<n—m-—1
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In [8], A.R. Rao gave a lengthy induction proof of Theorem 1.2 via linear algebraic techniques that remains unpublished,
but Kézdy and Lehel [4] have given another proof using network flows or Tutte’s f -factor theorem. Recently, Yin [9] obtained
a short constructive proof of Theorem 1.2.

Let A, = (aj,aq, ..., a,) and B, = (by, by, ..., by) be two sequences of nonnegative integers with a; > a; > --- >
ap,,a; < bjfori = 1,2,...,nand a; + b; > a,+1 + biyq fori = 1,2,...,n — 1. (Ay; By) is said to be graphic if there
exists a simple graph G with vertices vy, v,, ..., v, such that g; < dc(v,-) 5 b; fori = 1,2,...,n.In[1], Cai, Deng and
Zang presented a good characterization of (A,; B,) that is graphic. This solves a research problem posed by Niessen [6] and
extends Theorem 1.1 (which corresponds to a; = b; = d; fori = 1,2, ..., n). They defined fort =0,1,...,n

Iy ={ili=t+1andb; >t + 1}
and

1 ifa;=>b; foralliel, and Z b; + t|I;| is odd,
e(t) = icl;
0 otherwise.

Theorem 1.3 ([1]). (As; By) is graphic if and only if

t n
D @ <t(t—1)+ Y min{t, b} —e(t) foreachtwith0 <t <n.
i=1 i=t+1

Recently, Garg et al. [3] provided a direct and constructive proof of Theorem 1.3. (Ay; B,) is said to be potentially K, 1-

graphic if there exists a simple graph G with vertices vq, v, ..., v, such that a; < dg(v;)) < b;fori = 1,2,...,nand G
contains K;,11 as a subgraph. Moreover, (A,; By) is said to be potentially A,,+1-graphic if there exists a simple graph G with
vertices vy, Vg, ..., Uy such that ¢; < dg(v;) < b;fori = 1, 2, ..., n and the induced subgraph of {vq, v, ..., Up+1} in G is

Kin+1. The purpose of this paper is to investigate a good characterization of (A,; B,) that is potentially K, -graphic. We first
give a good characterization of (A;; B,) that is potentially A, 1-graphic as follows. For0 < p < m+1and0 <q <n—m—1,
wedefineH(p,q) = {ilp+1<i<m+1landbj—m >q+ 1}andI(p,q) = {ili > q+m+2andb; > p+q+ 1}.If
I(p, q) # ¥, we define

1 ifa=b; forallie Hp,q)UI(p.q) and Y (hi—m)+ Y b
e, q) = . i€H(p,q) i€l(p,q)
d +qlH(p. 9 + ( + QlI(p, @) is odd,
0 otherwise,
and if I(p, q) = ¥, we define

e(p,q) = |{ili € H(p, 9), a; = b; and (b; — m) + q is odd}|.

Theorem 1.4. Let n > m + 1and ap,1 > m. Then (An; By) is potentially Ap1-graphic if and only if

g+m+1 m+1 n
Z(a, —m)+ Y 4 <2pq+q(@—1)+ ) min{g,bj—m}+ Y min{p+q,b}— s, 2)
i=m+2 i=p+1 i=q+m+2

forallpandqwithO <p<m+1land0 <g<n—m-—1.

If we add the condition by > b, > --- > b, then we can show the following Theorem 1.5.

Theorem 1.5. If by > b, > --- > by, then (Ay; By) is potentially K, 1-graphic if and only if it is potentially Ap1-graphic.

Combining Theorem 1.4 with Theorem 1.5, we have the following Corollary 1.1.

Corollary 1.1. Let n > m+ 1, apy1 > mand by > by, > --- > b,. Then (Ap; By) is potentially Ky,1-graphic if and only
if (2) holds forallpandqwith0 <p<m+1and0<g<n—m-—1.

Remark. We can see that Theorem 1.2 is a corollary of Corollary 1.1. Indeed, setting a; = b; = d; fori = 1,2, ...,nin(2)
yields
q+m+1 m+1 n
Z(d -m)+ Y & <2pq+q(@—1+ Y min{g,di—m}+ Y min{p+gq,d}—e@,q 3)
i= i=m+42 i=p+1 i=q+m+2

forallpandqwith0 <p<m+1land0<g<n—m-—1.
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