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1. Introduction

All graphs in this paper are finite, connected, simple and undirected. A t-verteX is a vertex of degree t. For more notations
and terminologies that will be used, see [1]. Let G = (V, E) be such a graph with order |V| = n and size |E| = m. A matching
in a graph G is a set of pairwise nonadjacent edges. A matching is called a k-matching if it is of size k. Let m;(G) denote the
number of k-matchings of G, where m;(G) = m and m(G) = 0 for k > L%J or k < 0. In addition, define mo(G) = 1. The
matching polynomial of graph G is defined as

@(G) = a(G.x) = Y (=D m (G,
k>0
Let Aq, A2, ..., A, be the eigenvalues of a graph G. The energy of graph G [7] is defined as

EG) =) Il
i=1

An important tool of graph energy is the Coulson integral formula [7] (with regard to G being a tree T):

2 [t 1
E(T) = — /0 2 n {Z mk(T)xZ"} dx. (1

k>0

The graph energy has been widely studied by theoretical chemists and mathematicians. For details, see the book on graph
energy [ 18] and reviews [8,11]. There are also some recent results about graph energy, see [14,17,19,23,24].
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Fig. 1. Left is the graph oo, (g, r); Rightis 6(r, s, t).

In 2012, Gutman and Wagner [12] defined the matching energy of a graph G. Let G be a simple graph, and let
U1, U2, ..., Uy be the zeros of its matching polynomial. Then

ME(G) = ) luil-
i=1

Being similar to Eq. (1), the matching energy also has a beautiful formula as follows [12]:

+00
ME(G) = % / Xlzln [Z mk(G)XZki| dx. 2)
0

k>0

By Eq. (2) and the monotonicity of the logarithm function, the matching energy of a graph G is a monotonically increasing
function of any m(G). This means that if two graphs G and G’ satisfy m,(G) < my(G') for all k > 1, then ME(G) < ME(G').
If, in addition, m;(G) < m(G’) for at least one k, then ME(G) < ME(G'). It motivates the introduction of a quasi-order > as
follows: If two graphs G; and G, have the same order and size, then

n
Gy = Gy <= m(Gy) > m(Gy) for1 <k < bJ .

If G; > G, and there exists some k such that m;(G;) > my(G,), then we write G; > G,.If G; > G, we say that G; is
m-greater than G,, or G, is m-smaller than G1.1f G; > G, and G, > G, the graphs G; and G, are said to be m-equivalent, denote
it by G; ~ G,.If G > G, we say that G is strictly m-greater than G,. It is easy to see that G; > G, =—> ME(G;) > ME(G,)
and Gy > G, = ME(Gy) > ME(G,).

A connected simple graph with n vertices and n, n+ 1, n+ 2 edges is called unicyclic, bicyclic, tricyclic graph, respectively.
In [12], the authors gave some elementary results on the matching energy and obtained that ME(S;) < ME(G) < ME(Cy)
for any unicyclic graph G, where S, is the graph obtained by adding a new edge to the star S,.. In [15], Ji et al. proved that if
G is a bicyclic graph withn > 10 or n = 8, ME(S;) < ME(G) < ME(P*"~*).In [16], the authors characterized the connected
graphs (and bipartite graphs) of order n having minimum matching energy withm (n + 2 < m < 2n — 4) edges. Especially,
among all tricyclic graphs of ordern > 5, ME(G) > ME(S;*), with equality if and only if G = S}* or G = Kf“. In [6], tricyclic
graph with maximum matching energy is characterized. In [28], the authors characterized the bicyclic graph with given
girth having minimum matching energy. But which graph has the maximum matching energy is not determined. Motivated
by this fact, we will consider the problem in this paper. For more results about matching energy, see [2-5,13,21,22,25-27].

Denote by 8, . the set of all connected bicyclic graphs with order n and girth g. Now define two special classes of
bicyclic graphs. Let 0o,(g, r) denote the graph obtained by the coalescence of two end vertices of a path P,_g_,4, with
one vertex of two cycles C; and C; respectively, and let (r, s, t) denote the graph obtained by fusing two triples of pendent
vertices of three paths Py, Ps;», Pry» to two vertices, see Fig. 1. The distance of two cycles C; and C: in G is defined as
dg(Cy, G) = min{dg(x, y)|x € V(Cg),y € V(C)}, sometimes written as d for short. Note that dg(Cg, C;) = 0if C; and C;
have a common vertex, e.g., for G = 00, (g, r) such that r = n — g + 1. Clearly, any bicyclic graph must contain either the
left graph or right graph in Fig. 1 as an induced graph, which we call the brace. Then the set B, ; can be partitioned into two
subsets B, , and B; ,, where B, , is the set of all bicyclic graphs which contain a brace of the form oo, (g, ), and 87, is
the set of all bicyclic graphs which contain a brace of the form 6(r, s, t).

The main result of this paper is the following theorem which gives the graph in 8, ; with maximum matching energy,
where g is even.

Theorem 1. Suppose g iseven, g > 4andn > 2g — 2. Forany G € B, g, then:

(i) if n=2gorn > 2g + 2, ME(G) < ME (00, (g, n — g)) with equality if and only if G = co,(g, n — g);

(i) if n = 2g + 1, ME(G) < ME(oco,(g, n — g)) with equality if and only if G = oo,(g,n — g),or G = 6(0,g —2,n — g);
(iii)if n=2g — 1orn =2g — 2, ME(G) < ME(#(0, g — 2, n — g)) with equality ifand only if G = 6(0,g — 2, n — g).
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