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a b s t r a c t

We study the problem of bandwidth allocation with multiple interferences. In this prob-
lem the input consists of a set of users and a set of base stations. Each user has a list of
requests, each consisting of a base station, a frequency demand, and a profit that may be
gained by scheduling this request. The goal is to find amaximum profit set of user requests
S that satisfies the following conditions: (i) S contains at most one request per user, (ii) the
frequency sets allotted to requests in S that correspond to the same base station are pair-
wise non-intersecting, and (iii) the QoS received by any user at any frequency is reasonable
according to an interference model. In this paper we consider two variants of bandwidth al-
location with multiple interferences. In the first each request specifies a demand that can
be satisfied by any subset of frequencies that is large enough. In the second each request
specifies a specific frequency interval. Furthermore, we consider two interference models,
multiplicative and additive. We show that these problems are extremely hard to approxi-
mate if the interferences depend on both the interfered and the interfering base stations.
On the other hand, we provide constant factor approximation algorithms for both variants
of bandwidth allocation with multiple interferences for the case where the interferences
depend only on the interfering base stations.We also consider a restrictive special case that
is closely related to the Knapsack problem. We show that this special case is NP-hard and
that it admits an FPTAS.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Allocating bandwidth while maintaining a reasonable level of quality of service (QoS) is an important part of managing a
cellular network (see, e.g., [21,19]). In this paper we focus on the throughput maximization aspect of bandwidth allocation,
namely we study the problem of assigning frequencies to base stations according to user requests so as to maximize system
profit.

Several studies regarding cell planning of cellular networks have been performed. Roughly speaking, the cell planning
problem is to find aminimum cost set of locations for base stations that will be able to satisfy all user demands. (See [2] for a
survey on cell planning.) A client may be covered by several base stations, and in this case the transmission by a base station
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may be interfered by the other base stations that transmit at the same frequency. Hence, one of themost interesting aspects
of the cell planning problem is the interference model. In wideband systems all transmissions are spread over the entire
bandwidth, namely the same spectrum is used in every cell, and therefore simultaneous transmissions may cause interfer-
ences. In the Orthogonal Frequency Division Multiplexing (OFDM) system transmissions within cells are kept orthogonal
due to hopping in the time frequency grid, but inter-cell interferences are still possible, namely base station transmissions
may interferewith other cells (see [24, Chapter 4]). Interference is typicallymodeled by an interferencematrix that provides
information about the impact of any base station on the transmission of any other base station in areas that are covered by
both cells (see [11, Appendix 6B]).

Following Amzallag et al. [3,1] we consider two interference models for measuring quality of service. In the additive in-
terference model, each pair of base stations i and k have an interference parameter w(i, k) representing the interference to a
user listening to i transmitting at the same frequency as k. We have a QoS upper bound on the interference, and the weights
are normalized such that the upper bound is 1. A user is able to listen to base station i transmitting at frequency t only if the
interference at t is at most 1, i.e., if


k∈B(t)\{i}w(i, k) ≤ 1, where B(t) denotes the set of base stations transmitting at t . In

the multiplicative interference model, each pair of base stations i and k have an interference parameter σ(i, k) representing
the fraction of service that is lost by a user listening to i transmitting at the same frequency as k. If several base stations are
transmitting at the same frequency t , then the remaining service received by a user listening to base station i at frequency
t is


k∈B(t)\{i} (1− σ(i, k)). A user is able to listen to base station i at frequency t only if the interference at t is at most δ,

i.e., if


k∈B(t)\{i} (1− σ(i, k)) ≥ 1− δ.
We introduce the problem of bandwidth allocation with multiple interferences in which the goal is to maximize the

throughput of an existing cellular network. In this problem the input consists of a set ofm users, and a set of n base stations.
Each user has a list of requests, each consisting of a base station, a frequency demand, and a profit that may be gained by
scheduling this request. The goal is to find a maximum profit set of user requests that satisfies three types of constraints:

User Constraints: The solution contains at most one request per user.
Base Station Constraints: The frequency sets that are assigned to requests that correspond to the same base station are

pairwise non-intersecting.
QoS Constraints: The quality of service received by any user at any frequency is reasonable according to some interference

model.

We study two variants of bandwidth allocation with multiple interferences. The first is Frequency Allocation with
Multiple Interferences (abbreviated, FAMI) where each request specifies a demand that can be satisfied by any subset of
frequencies that is large enough. The second is the Interval Selection withMultiple Interferences problem (ISMI) where
each request specifies a frequency interval (i.e., a consecutive set of frequencies). We consider both FAMI and ISMIwith the
two interferences models, themultiplicative and the additive. We note both problems can be defined such that user requests
are for sets of time units or time intervals instead of sets of frequencies or frequency intervals. In this case theQoS constraints
are per time unit.

ISMI is an extension of a single machine scheduling problem calledWeighted Job Interval Selection Problem (WJISP).
In WJISP the input consists of nweighted jobs, where a job is a set of (time) intervals on the real line. To schedule a job one
of its intervals must be selected. A schedule of several jobs contains a set of non-intersecting job intervals. The goal is to find
a maximum weight schedule. It is not hard to see that when there is only one base station (i.e., n = 1), the QoS constraints
no longer matter, and therefore this special case of ISMI is equivalent to WJISP. Spieksma [23] proved that the unweighted
version of WJISP (JISP) is APX-hard even for the case where there are at most two intervals per job (JISP2). Hence, ISMI is
also APX-hard.

When interferences are uniform (i.e., all interferences are the same) the QoS constraints translate into a bound on the
number of transmissions per frequency. Hence, ISMIwith uniform interferences captures an extension ofWJISP inwhichwe
are given a set of identicalmachines, andwe have an upper bound on the number ofmachines that canwork simultaneously.
This can model an upper bound on the energy consumption or on the size of the crew operating the machines. We note that
scheduling jobs on severalmachines canbemodeled byWJISP by concatenating the schedules for themachines along the real
line, and specifying the possible intervals for each job accordingly. However, in ISMI we cannot concatenate the schedules
for the base stations due to the QoS constraints.
Our results. We show that both FAMI and ISMI are extremely hard to approximate if the interferences depend on both the
interfered and the interfering base stations. More specifically, we show that these problems are not approximable within nε ,
for some ε > 0, unless P = NP, even for the very restrictive special case in which there is only one frequency, one request
per user, one user request per base station and unit profits.

Given the hardness result we consider the case where the interferences depend only on the interfering base stations.
First, we prove that FAMI is strongly NP-hard in both interference models. (Recall that ISMI is APX-hard even if n = 1 [23].)
Assuming the additive interference model, we provide a 7-approximation algorithm for ISMI and a 12-approximation algo-
rithm for FAMI. Our algorithms are based on the local ratio technique [9,6]. Our techniques can be used in the multiplicative
interference model, but the approximation ratios increase by a factor of (1 + ε). We note that our approximation ratios
improve if all interferences are small. We also note that using the techniques of [6], our algorithm for ISMI can be modified
to deal with frequency windows (see Section 4.3). The resulting approximation ratio is 7+ ε, for every ε > 0.
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