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a b s t r a c t

Let π(G, x) =
n

i=0 bix
n−i be the permanental polynomial of a graph G, and πs(Gσ , x) =n

i=0 dix
n−i the skew-permanental polynomial of an orientation graph Gσ . In this paper,

we investigate first the orientation graph Gσ of a bipartite graph G satisfying |dn| = |bn|.
Furthermore, we characterize the orientation of a bipartite graph with |di| = |bi| for
each i. Then we establish the recursion formulas for the skew-permanental polynomials
of orientation graphs. In addition, we characterize the graphs whose skew-permanental
polynomials can be expressed by the corresponding characteristic polynomials.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Throughout this paper, G denotes a simple finite undirected graph. We use n(G) (or simply n) to denote the number of
vertices of G. Let A(G) be the adjacency matrix of G. The characteristic polynomial of G is

φ(G, x) = det(xI − A(G)) =

n
i=0

aixn−i,

where I is the n×n identity matrix. The permanental polynomial is similar to the characteristic polynomial, which is defined
as [20]

π(G, x) = per(xI − A(G)) =

n
i=0

bixn−i,

where per(·) denotes the permanent of a matrix.
The characteristic polynomial and permanental polynomial are important evaluations of a graph. Much work focuses on

the coefficients and roots, as well as the relationships between permanental polynomials and characteristic polynomials
[1–3,20–22]. It was shown that the coefficients of the characteristic and permanental polynomials of graphs are related to
the graph structure [3,6,16]. A linear subgraph (or basic figure) of a graph G is termed as a subgraph whose components are
cycles or single edges. A linear subgraph on i vertices is denoted by Ui. It holds

ai =


Ui⊂G

(−1)p(Ui)2c(Ui) for 1 ≤ i ≤ n (1)
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and

bi = (−1)i

Ui⊂G

2c(Ui) for 1 ≤ i ≤ n, (2)

where the summations range over all linear subgraphs Ui of G, p(Ui) is the number of components of Ui and c(Ui) is the
number of cycles of Ui. Particularly, b2 is the number of edges of G and −b3 is twice the number of triangles of G. For a
bipartite graph G, bn is equal to the square of the number of perfect matchings of G [15], i.e.

bn = m2(G). (3)
Permanents and permanental polynomials are not only related to some interesting theoretical problems in graph

theory and combinatorics [13,17], but also have been used as invariants for chemical structures [4,5,10]. Recently, the
skew-permanental polynomials and skew-characteristic polynomials have attracted some attention [9,12,14]. They are
defined in terms of orientation graphs.

An orientation graph Gσ of a graph G is an assigning of directions to the edges of G, called the orientation of G for short.
The skew-adjacency matrix of Gσ is S(Gσ ) = (sij)n×n, where

sij =

1 if there is an edge directed from vi to vj in Gσ ,
−1 if there is an edge directed from vj to vi in Gσ ,
0 otherwise.

The skew-characteristic polynomial of an orientation graph Gσ is det(xI − S(Gσ )), denoted as φs(Gσ , x) =
n

i=0 cix
n−i. The

skew-permanental polynomial of Gσ is per(xI − S(Gσ )), written as πs(Gσ , x) =
n

i=0 dix
n−i.

Some research revealed that the coefficients of the skew-characteristic polynomial and skew-permanental polynomial
can be expressed by the structure of subgraphs [9,14]. As the coefficients of these polynomials contain rich combinatorial
information, the study of connections on the coefficients of different polynomials provides new avenues to investigate graph
parameters and graph structures.

In an orientation graph, the existence of−1 in the skew-adjacencymatrix leads to |dn| ≤ m2(G). When does the equality
hold? Our first problem is finding an orientation of G satisfying |dn| = m2(G) (it means |dn| = |bn|). Furthermore, we
consider which orientation of G satisfies |di| = |bi| for each i. It has been proved that the permanental polynomials of
some graphs can be expressed by the skew-characteristic polynomials of orientation graphs [21]. Following this line, we
pay attention to the problem if there is an orientation Gσ of G such that the skew-permanental polynomial of Gσ is equal to
the characteristic polynomial of G.

The organization of this paper is as follows. In Section 2, we give a sufficient and necessity condition for the orientation
graphs with |dn| = m2(G), and provide a characterization of such orientation graphs. In Section 3, we further characterize
the orientation graph with |di| = |bi| for each i. To calculate the skew-permanental polynomials, in Section 4 we provide
three equalities to express the skew-permanental polynomial of an orientation graph in terms of the ones of subgraphs.
In Section 5, we characterize the graph whose skew-permanental polynomial can be computed by the corresponding
characteristic polynomial.

2. The constant term of the skew-permanental polynomial

For a bipartite graph, we consider the relationship between the number of perfect matchings and the constant term of
the skew-permanental polynomial of the corresponding orientation graph.Wemainly characterize those orientation graphs
with |dn| = m2(G). For our proofs we need some definitions and notations.

An even cycle (resp. odd cycle) means a cycle of even length (resp. odd length). An even cycle in an orientation graph is
oddly oriented (resp. evenly oriented) if there is an odd (resp. even) number of edges directed in either direction of the cycle.
An even linear subgraph Ue

i is a subgraph on i vertices whose components are single edges or even cycles. In view of a linear
subgraph of a bipartite graph is an even linear subgraph, we will not distinguish them.

For the permanental and characteristic polynomials of orientation graphs, the following results on coefficients ci and di
were proved in [9] and [14], respectively.

Theorem 2.1 ([9,14]). Let Gσ be an orientation of a graph G. Then

ci =


Ue
i ⊂Gσ

(−1)c
+(Ue

i )2c(Ue
i ) for i is even (4)

and

di =


Ue
i ⊂Gσ

(−1)s(U
e
i )+c−(Ue

i )2c(Ue
i ) for i is even, (5)

where the sums range over all the even linear subgraphs Ue
i of Gσ . Moreover, s(Ue

i ) is the number of components of Ue
i which are

single edges, c(Ue
i ) is the number of cycles of Ue

i and c−(Ue
i ) (resp. c

+(Ue
i )) is the number of oddly (resp. evenly) oriented cycles

of Ue
i . In particular, ci = di = 0 for i is odd and c0 = d0 = 1.
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