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a b s t r a c t

In this work, we study construction techniques of formally self-dual codes over the infinite
family of rings Rk = F2[u1, u2, . . . , uk]/⟨u2

i = 0, uiuj = ujui⟩. These codes give rise
to binary formally self-dual codes. Using these constructions, we obtain a number of
good formally self-dual binary codes including even formally self-dual binary codes of
parameters [72, 36, 14], [56, 28, 12], [44, 22, 10] and odd formally self-dual binary codes
of parameters [72, 36, 13], all of which have better minimum distances than the best
known self-dual codes of the same lengths.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Formally self-dual codes are an interesting type of code that have been studied quite extensively bymany researchers. For
some of these works we refer the reader to [5,9,10,8,7,13,14]. Formally self-dual codes can have larger minimum distances
than self-dual codes, which makes them of interest in searching for good codes. Since the weight enumerators of formally
self-dual codes come from the same ring of invariants as the weight enumerators of self-dual codes, the Assmus–Mattson
theorem can often be used to construct many new designs.

There are a fewdifferent constructions for binary formally self-dual codes. Of particular interest is a series of constructions
given as an exercise in [11]. These and variations of these were used in the literature by different researchers.

Codes over rings have been a topic of great interest in the last two decades. Certain rings have been successfully used to
obtain good binary codes with different properties. The ring F2 +uF2 was generalized first to F2 +uF2 +vF2 +uvF2 in [17]
and then to Rk = F2[u1, u2, . . . , uk]/⟨u2

i = 0, uiuj = ujui⟩ in [2]. The rich algebraic structure of these rings have been used
quite effectively to obtain good binary codes with large automorphism groups as well as some new binary self-dual codes
(see [12]).

In this work, we apply the constructionmethods given in [11] to the ring Rk to construct formally self-dual codes over Rk.
These codes result in binary formally self-dual codeswith good parameters after taking the image under aweight-preserving
Gray map.

The rest of the paper is organized as follows: In Section 2, we give the preliminaries about codes over the ring Rk as well
as some of the definitions associated with formally self-dual codes.

In Section 3, we give constructions of formally self-dual codes from special types of matrices and prove the theoretical
results. Section 4 includes the computational results about the codes constructed via the methods given in the previous
section. The results are given in the form of Tables 1–5.
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2. Preliminaries

2.1. Formally self-dual codes

We begin with the following definitions. On the binary space Fn
2, with v,w ∈ Fn

2, attach the usual inner-product
[v,w] =


viwi and define C⊥

= {w | [w, v] = 0 ∀v ∈ C}. We make the usual definition of the Hamming weight enumer-
ator, namelyWC (x, y) =


v∈C xn−wt(v)ywt(v) where wt(v) is the number of non-zero coordinates of v.

Definition 1. A binary code C is called self-dual if C = C⊥. It is called isodual if C is equivalent to C⊥. The code C is called
formally self-dual (f.s.d.) ifWC (x, y) = WC⊥(x, y), that is C and C⊥ have the same weight enumerators.

A code is called even if all theweights are even, it is called odd (Type 0) otherwise. If an even code has all weights 0(mod 4)
then the code is said to be doubly-even (Type II), otherwise it is said to be singly-even (Type I).

From the definitions it follows immediately that self-dual and isodual codes are formally self-dual. But, there are formally
self-dual codes which are not self-dual. Note however that the weight enumerator of an even formally self-dual code is held
invariant by the same matrices, and hence the same Gleason theorem applies. Namely we have the following. Let C be a
formally self-dual code. Then,

• WC (x, y) ∈ C[x2 + y2, y(x − y)], if C is Type 0,
• WC (x, y) ∈ C[x2 + y2, x8 + 14x4y4 + y8], if C is Type I,
• WC (x, y) ∈ C[x8 + 14x4y4 + y8, x4y4(x4 − y4)4], if C is Type II.

For the remainder we let x = 1 when giving the Hamming weight enumerator.
From [4], we know that if C is a binary formally self-dual code of length 2n, and d is the minimum Hamming weight of

C , then

d ≤ 2
n
4


+ 2.

Formally self-dual codes meeting this bound are called extremal. Formally self-dual codes for which d = 2
 n

4


are called

near-extremal. In [14], Kim and Pless conjecture that there are no near-extremal formally self-dual even binary codes of
length n ≥ 48 with 8 | n.

2.2. The ring Rk and the properties

Define the following ring for k ≥ 1. Let

Rk = F2[u1, u2, . . . , uk]/⟨u2
i = 0, uiuj = ujui⟩. (1)

For any subset A ⊆ {1, 2, . . . , k} let

uA :=


i∈A

ui (2)

with the convention that u∅ = 1. Then any element of Rk can be represented as
A⊆{1,...,k}

cAuA, cA ∈ F2. (3)

The ring Rk is a local ring with maximal ideal ⟨u1, u2, . . . , uk⟩ and |Rk| = 2(2k). The ring is neither a principal ideal ring
nor a chain ring when k ≥ 2. The ring is however a Frobenius ring. The rings R0 = F2 and R1 = F2 + uF2 have been studied
quite extensively in the literature of coding theory. The ring R2 = F2 + uF2 + vF2 + uvF2 was first introduced by Yildiz and
Karadeniz in [17].

In [2], it is shown that an element of Rk is a unit if and only if the coefficient of u∅ is 1 and that each unit is also its own
inverse. We also have the following:

∀a ∈ Rk, a · (u1u2 . . . uk) =


u1u2 . . . uk if a is a unit
0 otherwise. (4)

Also, ∀a ∈ Rk a2 =


1 if a is a unit
0 otherwise. (5)

See [2] for proofs of these and other foundational results for the ring Rk.
A linear code of length n over Rk is defined to be an Rk-submodule of Rn

k .
We denote a vector by a. We attach the usual inner product on this ambient space Rn

k , that is ⟨a, b⟩k =


aibi. The dual
code C⊥ is defined by C⊥

= {y ∈ Rn
k | ⟨y, x⟩k = 0 for all x ∈ C}. We say that a code is self-orthogonal if C ⊆ C⊥ and self-dual
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