Discrete Applied Mathematics 186 (2015) 207-213

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

CrossMark

On the distance Laplacian spectral radius of bipartite graphs” @
Aihong Niu, Dandan Fan, Guoping Wang*

School of Mathematical Sciences, Xinjiang Normal University, Urumgqi, Xinjiang 830054, PR China

ARTICLE INFO ABSTRACT

Article history: Suppose that the vertex set of a graph G is V(G) = {vy, ..., vy}. Then we denote by Tr¢ (v;)
Received 20 July 2014 the sum of distances between v; and other vertices of G. Let Tr(G) be the n x n diagonal
Received in revised form 28 December 2014 matrix with its (i, i)-entry equal to Tr¢(v;) and D(G) be the distance matrix of G. Then

Accepted 13 January 2015

Available oniine 19 February 2015 Lp(G) = Tr(G) — D(G) is the distance Laplacian matrix of G. The distance Laplacian spectral

radius of G is the spectral radius of Ly (G). In this paper we describe the unique graph with
minimum distance Laplacian spectral radius among all connected bipartite graphs of order
n with a given matching number and a given vertex connectivity, respectively.

© 2015 Elsevier B.V. All rights reserved.

Keywords:

Distance Laplacian spectral radius
Matching number

Vertex connectivity

1. Introduction

In this paper we consider simple graphs. Let G be a connected graph with vertex set V(G). For each u, v € V(G), the
distance between vertices u and v is the length of a shortest path connecting them in G, denoted by ds(u, v) or d,. Let
V(G) = {vq, va, ..., vy}. The distance matrix of G, denoted by D(G), is the n x n matrix with its (i, j)-entry equal to dv,-uj- For
u € V(G), the transmission of vertex u in G is the sum of distances between u and other vertices of G, denoted by Trs(u). Let
Tr(G) be the n x n diagonal matrix with its (i, i)-entry equal to Tr¢(v;). Then the distance Laplacian and distance signless
Laplacian matrix of G are respectively Lp(G) = Tr(G) — D(G) and Qp(G) = Tr(G) + D(G). The largest eigenvalues of D(G),
Qp(G) and Lp(G) are called distance spectral radius, distance signless Laplacian spectral radius and distance Laplacian spectral
radius of G, respectively.

The distance spectral radius of a connected graph has been studied extensively. S. Bose, M. Nath and S. Paul [2] determined
the unique graph with maximal distance spectral radius in the class of graphs without a pendent vertex. G. Yu et al. [8,9]
determined respectively the extremal graph and unicyclic graph with the maximum and minimum distance spectral radius.
A. 1li¢ [3] obtained the tree with given matching number which minimizes distance spectral radius. D. Stevanovic and
A.1lic [5] determined the tree with fixed maximum degree which maximizes distance spectral radius.

M. Aouchiche and P. Hansen [1] introduced the distance Laplacian and distance signless Laplacian spectra of graphs,
respectively. R. Xing and B. Zhou [6] gave the unique graphs with minimum distance and distance signless Laplacian spectral
radii among bicyclic graphs with fixed number of vertices. R. Xing, B. Zhou and J. Li [ 7] determined the graphs with minimum
distance signless Laplacian spectral radius among the trees, unicyclic graphs, bipartite graphs, the connected graphs with
fixed pendant vertices and fixed connectivity, respectively.

Suppose that G is a simple graph. A matching in G is a set of pairwise nonadjacent edges, and the maximum of the cardi-
nalities of all matchings is matching number. The vertex connectivity of G is the minimum number of vertices whose deletion
yields a disconnected graph. G is bipartite if its vertex set can be partitioned into two subsets V; and V, so that every edge
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has one end in V; and one end in V5. If every vertex in V; is joined to every vertex in V,, then G is a complete bipartite graph,
denoted by K, 4 if p = |Vi| and g = |V;|.

Let B! be the class of all bipartite graphs of order n with matching number m, and B;, be the class of all bipartite graphs
of order n with vertex connectivity s.

M. Nath and S. Paul [4] characterized the graphs with minimum distance spectral radius in B’ and B;, respectively. In
this paper we determine the graphs with minimum distance Laplacian spectral radius in B} and B, respectively.

2. The graph with minimum distance Laplacian spectral radius in B}

Ifx = (X1, X2, . .., X;)T then it can be considered as a function defined on the vertex set V(G) = {v, v, ..., v} of graph
G which maps vertex v; to x;, i.e. x(v;) = x;, and so

Kp@x= Y du(x(u) — x(v))

{u,v}CV(G)
which shows that Lp(G) is positive semidefinite.
Suppose that x is an eigenvector of Lp(G) with the eigenvalue w. Then for each v € V(G), ux(v) = Zuev(c) dy, (x(v) —

x(u)), and we call x an eigenvector of G with . Clearly, 1= (1,1, ..., DT is an eigenvector of G with 0. In this paper we
denote by d(G) the distance Laplacian spectral radius of G.

Suppose that u and v are two non-adjacent vertices of graph G. Then we denote by G + uv the graph obtained from G by
adding the edge uv.

Lemma 2.1. If u and v are two non-adjacent vertices of graph G, then 9(G + uv) < 9(G).

Proof. If x = (x1, Xy, ..., X,) be a unit eigenvector of G + uv with 3(G + uv), then (G + uv) = x"Lp(G + uv)x. But, by
Rayleigh’s inequalities, 9(G) > x"Lp(G)x, and so we have

3(G) — (G 4+ uv) = XTLp(G)x — x"Lp(G + uv)x
= Z do (v, v)) (xi — x))* — Z dou (Vi, V) (X1 — X)°

1<i<j<n 1<i<j<n
2
= Y (doi, 1)) — dosun(vi, 1)) (i — %)%,
1<i<j<n

Note that d¢ (v, vj) > dgiuw (i, v)) for {v;, v;} # {u, v} and d¢(u, v) > dgyuy (U, v). We have 9(G +uv) < 9(G). 0O

If two graphs G and H are isomorphic then we write G = H.

Theorem 2.2. The complete bipartite graph Km n—n, is the unique graph with minimum distance Laplacian spectral radius in B}

Proof. Suppose that G is a graph in B]} with minimum distance Laplacian spectral radius. Let A and B be the bipartition of
V(G) such that [B| > |A| > m, and let M be a maximal matching of G. If |A| = L%J or |A| = m, then, by Lemma 2.1, we know
that G = KL%”% or G = Ky n—m. So we assume that [ 7] > |A| > m.

Let Ay and By, be the subsets of A and B whose vertices are incident to edges of M, respectively. Then |Ay| = |By| = m.
We can observe that G contains no edges between the vertices of A \ Ay, and the vertices of B \ By since any such edge can
increase matching number which is a contradiction. Now adding all possible edges between the vertices of Ay and By, Ay
and B \ By, A \ Ay and By we obtain the graph G’ shown in Fig. 1. By Lemma 2.1, we have 9(G) > 9(G).

We now form a complete bipartite graph G” = Ky, ,—n, from G’ with the bipartition (Ay, BU (A \ Ay)) shown in Fig. 1.

It is easily seen that if a,, € Ay and a,, € A\ Ay then d¢(ap, a;,) = d¢'(am, a,,) + 1;if by, € By and bj,, € B\ By
then dg (b, @) = dg'(bm, a,,) — 1 and dg (b, a,,) = dgr(b),, a,,) + 1. But for any other two vertices u and v, d¢ (u, v)
= d(;” (u, U).
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