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a b s t r a c t

Chordal graphs and their clique graphs (called dually chordal graphs) possess characteristic
tree representations, namely, the clique tree and the compatible tree, respectively. The
following problem is studied: given a chordal graph G, determine if the clique trees of G are
exactly the compatible trees of the clique graph of G. This leads to a new subclass of chordal
graphs, basic chordal graphs, which is here characterized. The question is also approached
backwards: given a dually chordal graph G, we find all the basic chordal graphs with clique
graph equal to G. This approach leads to the possibility of considering several properties of
clique trees of chordal graphs and finding their counterparts in compatible trees of dually
chordal graphs.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Chordal graphs have been vastly studied and form a class of both theoretical and practical interest.
Chordal graphs have an associated characterizing tree representation, the clique tree. A clique tree T of a chordal graph

G has vertex set equal to the family of cliques of G and, for each vertex of G, the set of cliques to which that vertex belongs
induces a subtree of T .

Another class that has been studied for some decades is that of dually chordal graphs, which are the clique graphs of
chordal graphs. If G is a chordal graph with clique tree T , then it is possible to verify that every clique of K(G) induces a
subtree of T .

A spanning tree T of a graph G such that every clique of G induces a subtree of T receives the name of compatible tree.
Compatible trees are characteristic to dually chordal graphs and the previous paragraph implies that every clique tree of a
chordal graph is compatiblewith its clique graph. The converse is not always true.We define a graph to be basic chordal if the
converse is true. In other words, we say that a chordal graph G is basic chordal if its clique trees are exactly the compatible
trees of K(G). Basic chordal graphs will be the major focus of our attention.

The structure of the main part of this paper is as follows.
In Section 3, we review some classical properties of chordal graphs and clique trees that are fundamental for the

development of our work.
In Section 4, we introduce dually chordal graphs and the compatible tree, and we start to study the relationship between

the clique trees of a chordal graph and the compatible trees of its clique graph. Thus, basic chordal graphs arise and their
first characterization is given (Theorem 4.6).
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In Section 5, we study the sets that induce subtrees in every clique tree or in every compatible tree of a given graph.
We show that these families of sets are characterized by a special subfamily, called the basis, and we find how bases can be
computed for both the case of chordal graphs and of dually chordal graphs. This knowledge enables a better understanding of
basic chordal graphs and of dually chordal graphs, andmany results about these classes are stated. For example, we describe,
for a dually chordal graph G, all the basic chordal graphs with clique graph equal to G (Theorem 5.7), and we give a more
general characterization of compatible trees (Theorem 5.13). Some of the results are new and others approach the known
facts about dually chordal graphs under a new perspective.

Finally, in Section 6 we use the information gained from Section 5 to give a new characterization of basic chordal graphs
in terms of minimal vertex separators (Theorem 6.4) and we apply it to find additional properties of basic chordal graphs.

2. Definitions

For a simple graph G, the set of vertices of G is denoted by V (G) and E(G) denotes the set of its edges. A subset of V (G) is
complete when its elements are pairwise adjacent in G. A clique is defined to be a maximal complete set, and the family of
cliques of G is denoted by C(G). The subgraph induced by a subset A of V (G), denoted by G[A], has A as vertex set, and two
vertices are adjacent in G[A] if and only if they are adjacent in G.

For a vertex v ∈ V (G), the open neighborhood of v, denoted by N(v) or NG(v), is the set of all the vertices adjacent to v in
G. The degree deg(v) of v is the number |N(v)|. The closed neighborhood of v, denoted by N[v] or NG[v], is the set N(v)∪ {v}.
Vertex v is said to be simplicial if N[v] is complete. This is equivalent to N[v] being a clique. Any clique equaling the closed
neighborhood of a vertex is called simplicial clique.

Given two nonadjacent vertices u and v in the same connected component ofG, a uv-separator is a set S contained in V (G)
such that u and v are in different connected components of G − S, where G − S denotes the induced subgraph G[V (G) \ S].
This separator S is minimal if no proper subset of S is also a uv-separator. We will just say minimal vertex separator to refer
to a set S that is a uv-minimal separator for some pair of nonadjacent vertices u and v in G. The family of all minimal vertex
separators of Gwill be denoted by S(G).

Let T be a tree. For v, w ∈ V (T ), the notation T [v, w] denotes the path in T from v to w and T (v, w) denotes the inner
vertices of that path.

Let F be a family of nonempty sets of vertices of G. If F ∈ F , then F is called amember of F . If v ∈


F∈F F , then we say
that v is a vertex of F . The familyF is Helly if the intersection of all themembers of every subfamily of pairwise intersecting
sets is not empty. If C(G) is a Helly family, then we say that G is a clique-Helly graph. We say that F is separating if, for every
ordered pair (v, w) of vertices of F , there exists F ∈ F such that v ∈ F and w ∉ F . The intersection graph of F , denoted
L(F ), has themembers ofF as vertices, two of them being adjacent if and only if they are not disjoint. The clique graph K(G)
of G is the intersection graph of C(G). The two-section graph S(F ) of F is another graph whose vertices are the vertices of
F , in such a way that two vertices v and w are adjacent in S(F ) if and only if there exists F ∈ F such that {v, w} ⊆ F .

For every vertex v of F , let Dv = {F ∈ F : v ∈ F}. The dual family DF of F consists of all the sets Dv . For the particular
case of C(G), the notation Cv will be used instead of Dv . An even more general notation will also be used: given a set A of
vertices, CA is defined to be equal to {C ∈ C(G) : A ⊆ C}.

3. Properties of chordal graphs and clique trees

Given a cycle C of a graph G, a chord is defined as an edge joining two nonconsecutive vertices of C . Chordal graphs are
defined as those graphs for which every cycle of length greater than or equal to four has a chord. That definition is not the
only possible way to introduce chordal graphs because they have many characterizations. Some of them are:
(i) [3] a graph is chordal if and only if every minimal separator of two nonadjacent vertices of the graph is a complete set.
(ii) [5] an ordering v1 . . . vn of the vertices of G is called a perfect elimination ordering if vi is simplicial in G[{vi, . . . , vn}] for

1 ≤ i ≤ n. A graph is chordal if and only if it has a perfect elimination ordering.
(iii) [14] this characterization is the most important given the purpose of this paper. A clique tree of G is a tree T whose

vertex set is C(G) and such that every member of DC(G) induces a subtree of T , that is, T [Cv] is a subtree of T for every
v ∈ V (G). A graph is chordal if and only if it has a clique tree.

The rest of this section is dedicated to stating some relevant properties of clique trees that are required for the next
section. All graphs considered will be assumed to be connected.

We first express a slightly different way to characterize a clique tree. The following result is widely known and can be
found in many papers on acyclic hypergraphs and on tree-width of graphs:

Proposition 3.1. Let G be a graph and T be a tree such that V (T ) = C(G). The following are equivalent:
(a) T is a clique tree of G.
(b) ∀C1, C2, C3 ∈ C(G), C3 ∈ T [C1, C2] H⇒ C1 ∩ C2 ⊆ C3.

Proof. (a) ⇒ (b). Let C1, C2, C3 ∈ C(G) be such that C3 ∈ T [C1, C2] and v be a vertex of C1 ∩ C2. Then, C1 and C2 are in Cv .
Since Cv induces a subtree of T and C3 ∈ T [C1, C2], we have that C3 ∈ Cv , that is, v ∈ C3. Therefore, every element of C1 ∩ C2
is an element of C3 and the inclusion C1 ∩ C2 ⊆ C3 follows.
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