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ARTICLE INFO ABSTRACT

Article history: Consider an undirected graph G and a subgraph H of G, on the same vertex set. The g-
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:5‘;?&;61‘: c])ﬁlji;r:;alnjlai%l;y 2014 ends differ by at least q. In this paper we focus on the case when G is planar and H is a forest.

We give a series of NP-hardness results as well as upper bounds for BBC, (G, H), depending
on the type of the forest (matching, galaxy, spanning tree). Eventually, we discuss a circular
version of the problem.
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1. Introduction

All the graphs considered in this paper are simple. Let G = (V, E) be a graph, and let H = (V, E(H)) be a spanning
subgraph of G, called the backbone. A k-colouring of G is a mapping f : V — {1, 2, ..., k}. Let f be a k-colouring of G. It is a
proper colouring if |f (u) —f (v)| > 1forall edges uv € E(G). It is a g-backbone colouring for (G, H) if f is a proper colouring of
Gand |f (u) — f(v)| > qforall edges uv € E(H). The chromatic number x (G) is the smallest integer k for which there exists
a proper k-colouring of G. The g-backbone chromatic number BBC,(G, H) is the smallest integer k for which there exists a
g-backbone k-colouring of (G, H).

If f is a proper k-colouring of G, then g defined by g(v) = q - f(v) — q + 1 is a g-backbone colouring of (G, H) for any
spanning subgraph H of G. Moreover it is well-known that if G = H, this g-backbone colouring of (G, H) is optimal. Therefore,
since BBCy(H, H) < BBCy(G, H) < BB(y(G, G), we have

q-x(H)—q+1<BBCuG,H) <q-x(G) —q+1. a

If H is empty (i.e. E(H) = #), then BBC4(G, H) = x (G). Hence for any k > 3, deciding if BBC4(G, H) < k is NP-complete
because deciding if a graph is k-colourable is NP-complete (See [7]). However, when we impose G or H to belong to certain
graph classes, the problem sometimes become polynomial-time solvable. A trivial example is when we consider H with
chromatic number at least r > (k+q — 1)/q. Then BBC,(G, H) > rq — q + 1, and so deciding if BBC4(G, H) < k can be done
instantly by always returning ‘no’. A less trivial example is when we impose H to have minimum degree 1. For such an H,
deciding if BBC,(G, H) < q + 1 s also polynomial-time solvable, because BBC,(G, H) = q + 1 if and only if G is bipartite.
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Fig. 1. A planar graph G with a forest F (bold edges) such that BBC, (ﬁ, I:‘) =q+4

Fig. 2. A planar graph G* and a tree T* (bold edges) such that BBC;(G*, T*) = q + 6 forq > 4.

This simple observation was already made by Broersma et al. [5] when H is a 1-factor (a spanning subgraph in which every
vertex has degree exactly 1). Furthermore, if we also impose H to be connected, we show in Theorem 17 that deciding if
BBC,(G, H) < q + 2 can be done in polynomial time. In contrast, if the condition of H being connected is removed, then it
is NP-complete (Theorem 18).

In this paper, we will focus on the particular case when G is a planar graph and H is a forest (i.e. an acyclic graph).
Inequality (1) and the Four-Colour Theorem imply that for any planar graph G and spanning subgraph H, BBCy(G, H) <
3q + 1. However, for ¢ = 2, Broersma et al. [4] conjectured that this is not best possible if the backbone is a forest.

Conjecture 1. If G is a planar graph and F a forest in G, then BBC,(G, F) < 6.

If true, Conjecture 1 would be best possible. Broersma et al. [4] gave an example of a graph G with a forest F such that
BBC, (G, F) = 6. See Fig. 1. It is then natural to ask how large BBC, (G, F) could be when G is planar and F is a forest for larger
values of g. We prove the following.

Theorem 2. If G is a planar graph and F a forest in G, then BBC4(G, F) < q + 6.
In fact, we prove a more general result in Proposition 13 : for any pair (G, H) with H a subgraph of G,
BBCq(G, H) = (x(G) +q—2)x(H) —q+2.

For ¢ > 4, Theorem 2 is best possible. Indeed, we show a planar graph G* together with a spanning tree T* such that
BBC,(G*, T*) = q + 6 for all ¢ > 4. See Fig. 2 and Proposition 15.

Furthermore, we show in Theorem 31, that for any fixed g > 4, given a planar graph G and a spanning tree T of G, it is
NP-complete to decide if BBC;(G, T) < q + 5.

On the other hand, we believe that if ¢ = 3, Theorem 2 is not best possible.
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