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a b s t r a c t

The competition graph of a digraph was introduced by Cohen in 1968 associated with the
study of ecosystems. In 2011, Factor et al. (2011), defined the (1, 2)-step competition graph
of a digraphwhich is a generalization of the competition graph and gave a characterization
of the (1, 2)-step competition graph of a tournament. In this paper, we characterize the
(1, 2)-step competition graph of a pure local tournament that is not round decomposable.

© 2016 Elsevier B.V. All rights reserved.

1. Terminology and introduction

Competition graphs were first introduced by Joel Cohen [4] in connection to a problem in ecology in 1968 and have since
been extensively studied. An ecological food web can be modeled by a digraph D, where the vertices of D denote the species
of the ecosystem, and there is an arc from vertex x to y if x preys on y. The competition graph C(D), of this ecological food
web has the same vertex set as D, and xy is an edge in C(D) if there is a vertex z such that (x, z) and (y, z) are arcs in D. That
means z is the common prey of x and y. The competition graph can be used to reflect the competition relations among the
predators in the food web. Furthermore, the study of competition graphs has been applied widely to the coding, channel
assignment in communications, modeling of complex systems arising from study of energy and economic systems, etc. For a
comprehensive introduction to competition graphs, see [5,7,12,13]. Recentworks in competition graph theory include [9,11].
In 2011, the (1, 2)-step competition graph was defined by Factor and Merz in [6]. In this paper, we characterize the
(1, 2)-step competition graphs of the pure local tournaments that are not round decomposable.

It will be assumed that the reader is familiar with the concepts of graphs and digraphs. Other terminology can be found
in [3]. In this paper, all digraphs are finite and have no parallel arcs and loops. Let D be a digraph on n vertices. We denote
by V (D) and A(D) the vertex set and the arc set respectively. If (x, y) is an arc of D, then wewrite x → y and say x dominates
y. More generally, if A and B are two disjoint subdigraphs of D such that every vertex of A dominates every vertex of B, then
we say that A dominates B, denoted by A → B. If A → B, but there is no arc from B to A, then we say that A strictly dominates
B, denoted by A → B. Furthermore, A  B denotes the property that there is no arc from B to A. An arc (x, y) of a digraph D
is ordinary if (y, x) is not in D. A cycle Q of a digraph D is ordinary if all arcs of Q are ordinary. If x and y are vertices of D, then
the distance from x to y in D, denoted dD(x, y) = d(x, y), is theminimum length of an (x, y)-path, if y is reachable from x, and
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Fig. 1. (a) and (a1): A strong digraph and its (1, 2)-step competition graph, where Si is a complete subdigraph (subgraph, respectively) with |V (Si)| ≥ 3
for i ∈ {1, 2, . . . , 5}; (b) and (b1): A connected digraph which is not strong and its (1, 2)-step competition graph, where Di is a complete subdigraph
(subgraph, respectively) with |V (Dj)| ≥ 3 for j ∈ {1, 2, 3, 4} and |V (D5)| = 1.

otherwise d(x, y) = ∞. Furthermore, let H be a subdigraph of D. Then the distance from x to H , denoted dD(x,H) = d(x,H),
is the minimum length of an (x, z)-path for all z ∈ V (H).

The outset of a vertex x ∈ V (D) is the set N+

D (x) = {y|(x, y) ∈ A(D)}. Similarly, N−

D (x) = {y|(y, x) ∈ A(D)} is the inset
of x. More generally, for subdigraphs A and B of D, we define the outset(inset) of B in A by N+

A (B) = {z|(x, z) ∈ A(D), x ∈

V (B), z ∈ V (A)}(N−

A (B) = {z|(z, x) ∈ A(D), x ∈ V (B), z ∈ V (A)}). A subdigraph induced by a subset U ⊆ V (D) is denoted
by D[U]. In addition, D − U = D[V (D) \ U] for any U ⊆ V (D).

A digraph D is strong if every vertex of D is reachable by a path from every other vertex of D. For a strong digraph D, a
set S ⊆ V is a separating set if D − S is not strong. A strong component of a digraph D is a maximal induced subdigraph of
D which is strong. If D1,D2, . . . ,Dt are the strong components of D, then clearly V (D1) ∪ V (D2) ∪ · · · ∪ V (Dt) = V (D). We
call V (D1) ∪ V (D2) ∪ · · · ∪ V (Dt) the strong decomposition of D. It is known that the strong components of D can be labeled
D1,D2, . . . ,Dt such that there is no arc from Dj to Di unless j < i. We call such an ordering an acyclic ordering of the strong
components of D. The underlying graph of D, denoted by UG(D), is the graph obtained by ignoring the orientations of arcs in
D and deleting parallel edges. We say that D is connected if its underlying graph is connected. In this paper, we only consider
connected digraphs.

A digraph D is semicomplete, if for any pair of vertices x, y ∈ V (D), either (x, y) ∈ A(D), or (y, x) ∈ A(D), or both.
A tournament is a semicomplete digraph without a cycle of length 2. A digraph D is locally semicomplete (or a locally
semicomplete digraph), if D[N+

D (x)] and D[N−

D (x)] are both semicomplete for every vertex x of D. A locally semicomplete
digraph containing no cycle of length 2 is called a local tournament. In others words, a local tournament is a locally
semicomplete digraph without cycle of length 2. A pure local tournament is a local tournament which is not a tournament.
Local semicomplete digraphs were introduced in 1990 by Bang-Jensen (see [1]). Local tournaments are the most important
subclass of the local semicomplete digraphs. This class of digraphs has many nice properties in common with its subclass,
tournaments.

The (1, 2)-step competition graph of a digraph D, denoted by C1,2(D), is a graph on V (D) where xy ∈ E(C1,2(D)) if and only
if there exists a vertex z ≠ x, y, such that either dD−y(x, z) ≤ 1 and dD−x(y, z) ≤ 2 or dD−x(y, z) ≤ 1 and dD−y(x, z) ≤ 2. For
example, two digraphs and their respective (1, 2)-step competition graphs are shown in Fig. 1.

Let G be a graph. Pi is a path on i vertices in this paper. As for digraphs, a subgraph induced by a subset X ⊆ V (G) is
denoted by G[X] and G − X = G[V (D) \ X] for X ⊆ V (D). The graph G − E(H) is obtained from G by removing the edges
from a subgraph of G that is isomorphic to H .

In [6], Factor et al. completely characterized the (1, 2)-step competition graphs of tournaments.

Theorem 1.1 (Factor & Merz [6]). G, a graph on n vertices, is the (1, 2)-step competition graph of some tournament if and only
if G is one of the following graphs:

1. Kn where n ≠ 2, 3, 4,
2. Kn−1 ∪ K1 where n > 1,
3. Kn − E(P3) where n > 2,
4. Kn − E(P2) where n ≠ 1, 4, or
5. Kn − E(K3) where n ≥ 3.
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