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a b s t r a c t

Let G be a connected graph of order n ≥ 3. The remoteness ρ = ρ(G) is themaximum, over
all vertices, of the average distance from a vertex to all others. The radius r = r(G) is the
minimum, over all vertices, of the eccentricity of a vertex. Aouchiche and Hansen (2011)
conjectured that ρ − r ≥

3−n
4 if n is odd and ρ − r ≥

2n−n2
4(n−1) if n is even. In this paper, we

confirm this conjecture. In addition, we completely characterize extremal graphs attaining
the lower bound.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Let G = (V (G), E(G)) be a simple connected graph. For a vertex v in V (G), we let NG(v) be the set of vertices adjacent to
v in G, and dG(v) = |NG(v)| be the degree of v. Let G′ be a subgraph of G and v ∈ V (G′). Then dG′(v) is equal to the number of
edges incident to v in G′. Let Pn and Cn be the path and cycle on n vertices, respectively. For vertices u, v ∈ V (G), the distance
dG(u, v) between u and v is defined as the length of the shortest path connecting u and v in G and DG(v) is equal to the sum
of distances between v and all other vertices in G, that is, DG(v) =


u∈V (G) dG(v, u). The eccentricity εG(v) of a vertex v is

the maximum distance from v to any other vertex in G, i.e., εG(v) = maxu∈V (G) dG(v, u). The radius of a connected graph G is
defined by r = r(G) = minv∈V (G) εG(v), and the diameter of a connected graph G is defined by D = D(G) = maxv∈V (G) εG(v).
The proximity π = π(G) of a connected graph G is the minimum, over all vertices, of the average distance from a vertex to
all others. The remoteness ρ = ρ(G) of a connected graph G is the maximum of the average distance from a vertex to all
others. That is,

π = π(G) = min
v∈V (G)

1
n − 1

DG(v)

and

ρ = ρ(G) = max
v∈V (G)

1
n − 1

DG(v).

The sum of distances from a vertex to all others is also known as its transmission. So π and ρ can also be seen as the
minimum and maximum normalized (divided by the number of vertices implied in the sum) transmission in a graph. It
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Fig. 1. Graphs C1
n , C2

n and C3
n (n is odd).

is interesting to normalize the transmission in order to get invariants that fit in the same range as the radius, diameter,
average distance and average eccentricity, and that preserve the properties of the transmission. The above two invari-
ants were proposed in [2,3]. Nordhaus–Gaddum relations for both of them, i.e., lower and upper bounds on π(G) + π(G),
π(G) · π(G), ρ(G) + ρ(G), ρ(G) · ρ(G), are given in [3].

In [4], Aouchiche and Hansen compared these two graph invariants π and ρ to the diameter, radius, average eccentricity,
average distance, independence number and matching number. Most bounds so obtained were proved, but a few of them
remained as conjectures. These proved results and conjectures stated in [4] were obtained with the use of AutoGraphiX,
a conjecture-making system in graph theory [1,5,6]. Recently, some authors including two of the present authors solved
several conjectures from AutoGraphiX (see [8,7,9–13]).

Among those results and conjecturesmentioned in [4], there are two dealingwith the difference between the remoteness
ρ and radius r . Aouchiche and Hansen have found a sharp upper bound on the difference ρ − r . However, the lower bound
on the difference ρ − r was unsolved by them and remained as a conjecture (see [4]), which reads as follows.

Conjecture 1. Let G be a connected graph on n ≥ 3 vertices with remoteness ρ and radius r. Then ρ − r ≥
3−n
4 if n is odd and

ρ − r ≥
2n−n2
4(n−1) if n is even. The inequality is best possible as shown by the cycle Cn if n is even and by the graph composed by the

cycle Cn together with two crossed edges on four successive vertices of the cycle.

Recently, this conjecture has been proved to be correct for the case of trees by Sedlar [15]:

Theorem 1 (Sedlar [15]). Let T be a tree on n ≥ 3 vertices with remoteness ρ and radius r. If n is odd, then ρ − r ≥
1
2 with

equality if and only if T ∼= Pn, and if n is even, then ρ − r ≥
n

2(n−1) with equality if and only if T is a tree obtained by attaching
a pendent edge to a central vertex of the path Pn−1.

This conjecture is still open so far. In this paper, we confirm that Conjecture 1 holds for all connected graphs of order
n ≥ 3. Moreover, we characterize all extremal graphs attaining the lower bound. Our main result is the following.

Theorem 2. Let G be a connected graph on n ≥ 3 vertices with remoteness ρ and radius r. If n is odd, then ρ − r ≥
3−n
4 with

equality if and only if G ∼= Cn or C i
n, i = 1, 2, 3 (see Fig. 1), and if n is even, then ρ − r ≥

2n−n2
4(n−1) with equality if and only if

G ∼= Cn.

Remark 1. Denote by C3
n , a graph of odd order n, obtained from the cycle Cn together with two crossed edges on four suc-

cessive vertices of the cycle. One can see that C3
n is just an extremal graph mentioned in Conjecture 1 for the case of odd n.

Evidently, ρ(C3
n ) − r(C3

n ) =
3−n
4 .

Denote by Ck
n (k = 1, 2) (see Fig. 1.) graphs of odd order n, obtained from the cycle Cn−1 by adding two additional edges

between an isolated vertex u and each of two vertices v and w on the cycle Cn−1 such that dCn−1(v, w) = k. It is easy to
check that

ρ(Ck
n) − r(Ck

n) =
3 − n
4

, k = 1, 2.

Thus, each Ck
n is also a graph attaining the lower bound on ρ − r of Conjecture 1 for the case of odd n, k = 1, 2.

In order to prove Theorem 2, we need additional terminologies and results.
Let u, v be two distinct nonadjacent vertices of a graphG and S ⊆ V (G)−{u, v}. If u and v belong to different components

of G − S, then we say that S separates u and v.
The following is a well known result on connectivity of a graph due to Menger in 1927 [14].
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