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1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E (G). For a graph G, we let d;(v;) be the degree of a
vertex v; in G. The maximum vertex degree in G is denoted by A(G). For each v; € V(G), the set of neighbors of the vertex v; is
denoted by Ng(v;). The distance between two vertices v; and vj in G, namely, the length of the shortest path between v; and
vj is denoted by d¢(v;, vj). The eccentricity of a vertex v; in a graph G is defined to be ecg(v;) = max{d¢(v;, vj)|v; € V(G)}.
The diameter of a graph G, denoted by d, is the maximum distance between any two vertices of G.

Among the oldest and most studied topological indices, there are two classical vertex-degree based topological indices—
the first Zagreb index and the second Zagreb index. These two indices first appeared in [ 14], and were elaborated in [13]. Later
they were used in the structure-property modeling (see [27,28]). The first Zagreb index M (G) and the second Zagreb index
M;(G) of a graph G are defined, respectively, as

Mi© = Y dewP= Y (dew) +dewp) (1)
eV (G) viv;€E(G)
and
My(G) = Y do(vy)dg(v)). )
vivjEE(C)
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During the past decades, numerous results concerning Zagreb indices have been put forward, see [2,3,6,7,15,19,21,23,24,
29,32] and the references cited therein.

One of the oldest and most thoroughly studied distance based molecular structure descriptors is the Wiener index
[25,31]. Hosoya [16] produced the formula in which the sum of the distances between all pairs of vertices of a given graph G:

W=W©G) = ) deu. v).
1<i<j<n
For details on the Wiener index see the review [11], the recent papers [5,30] and the references cited therein. Let e be an
edge of the graph G (which may contain cycles or be acyclic), connecting the vertices v; and v;. Define two sets N;(e|G) and
Nj(e|G) as

N;i(e|G) = {vx € V(G)|d(vg, vilG) < d(vg, vj|G)}
N;(e|G) = {vx € V(G)|d(vk, v51G) < d(vg, vi|G)}.

The number of elements of N;(e|G) and N;(e|G) are denoted by n;(e|G) and n;(e|G), respectively. Thus, n;(e|G) counts the
vertices of G lying closer to the vertex v; than to vertex v;. The meaning of n;(e|G) is analogous. Vertices equidistant from
both ends of the edge v;v; belong neither to N;(e|G) nor to N;(e|G). Note that for any edge e of G, n;(e|G) > 1and nj(e|G) > 1,
because v; € Nj(e|G) and v; € N;(e|G). One long known property of the Wiener index is the formula [31]

W(T) = Y melT)nelT). 3)

vivjEE(T)

The eccentric connectivity index (see [12,26]) of G, denoted by £°(G), is defined as

) = Y doweccv) = Y (ece(w) + ecc(v)), (4)

v;eV(G) vy €E(G)

where ecq(v;) is the eccentricity of v; in G. The eccentric connectivity index provides good correlations with regard to both
physical and biological properties (see [20]). The simplicity amalgamated with high correlating ability of this index can
be easily exploited in QSPR/QSAR studies. Such studies can easily provide valuable leads for the development of potential
therapeutic agents. For the mathematical properties of eccentric connectivity index, the reader is referred to [17,18,22] and
the references cited therein.

Recently, Das and Trinajsti¢ [9] compared the eccentric connectivity index and Zagreb indices for chemical trees and
molecular graphs. In that paper it has been proved that for almost all chemical trees T, M;(T) < £°(T),i = 1, 2. Moreover,
they showed that M;(G) < &€(G) for each molecular graph G of diameter at least 7. However, the comparison between
the eccentric connectivity index and Zagreb indices, in the case of general trees and general graphs, is very hard and
remains unsolved till now. In [17], we compare the eccentric connectivity index and Zagreb indices for some graph families.
Moreover, we carried out comparison between several topological indices for various classes of graphs and trees [6,8,10,15].
In this paper we continue our research in that direction. In this paper we compare the Wiener index with Zagreb indices for
trees. Moreover, we compare the Wiener index with eccentric connectivity index for trees. As usual, we denote by K; ,—;
the star of order n. Let S} be the tree of order n with maximum degree n — 2. Denote by DS, , (p > q,n = p+q+2),adouble
star of order n which is constructed by joining the central vertices of two stars Ky , and K;_g. In particular, DS;,_3 1 = S;.
Other notation and terminology not defined here will conform to those in [1].

The paper is organized as follows. In Section 2, we compare between the Wiener index and Zagreb indices for trees. In
Section 3, we compare between the Wiener index and eccentric connectivity index for trees.

2. Comparison between the Wiener index and Zagreb indices for trees

In this section we compare between the Wiener index and Zagreb indices for trees. For this we need the following result:

Lemma 2.1 ([4]). Let f (x) = x(n — x — k), k is any real number. Then f (x) is an increasing functionon 0 < x < (n — k)/2 and
a decreasing functiononx > (n — k) /2.

Now we are ready to compare between the Wiener index and first Zagreb index for trees.
Theorem 2.2. Let T (2 Ky, n—1) be a tree of order n. Then
W(T) = Mi(T) + 2(n — 4) (5)
with equality holding if and only if T = S} (DSy—3,1 = S;}).

Proof. Let d be the diameter of tree T. Since T 2 K, ,—1, then we have d > 3. We now consider two cases (i) d = 3 and (ii)
d> 4.

Case (i):d = 3.1f T = S}, then W(T) = n*> —n —2 = M(T) + 2(n — 4) and hence the equality holds in (5). Otherwise,
T 2 Sy In this case T must be a double star and hence T = DS, ¢,p > q > 2, n=p+q+ 2(seeFig. 1).For2 < p < 3, we
haveT = DS, , or DS; ; or DS3 3asp > q > 2.0One can see easily that the inequality in (5) is strict for DS, DS3  and DS5 3.
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