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a b s t r a c t

We study several measures of vulnerability of nearest neighbor graphs. We obtain esti-
mates on the toughness, the tenacity, the scattering number, and the rupture degree of
nearest neighbor graphs. The method is to recursively apply a certain separator theorem
an appropriate number of times, depending on the particular measure studied.We also ap-
ply thesemethods to obtain estimates of thesemeasures for several other classes of graphs.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Graphs equipped with small separators can be divided into two pieces of roughly equal size by removing a small number
of vertices. As such, separator theorems are useful for implementing ‘‘divide and conquer’’ techniques to design efficient al-
gorithms. Several natural families of graphs such as planar graphs andnearest neighbor graphs have small separators [17,19].
However, graphs with small separators would model inefficient communications networks. Here we examine the vulnera-
bilities of such graphs more precisely by studying specific measures of connectedness such as the integrity, the toughness,
the tenacity, the scattering number, and the rupture degree. The unifying concept is that all of these measures are defined
using various combinations of the same parameters. These parameters can be estimated by successively applying a separator
theorem. As a consequence, estimates of these measures can be obtained for certain classes of graphs.

The integrity I(G) of a simple graph Gwas introduced by Barefoot, Entringer, and Swart [6]. The integrity, in a sense, mea-
sures the effort needed to shatter a graph into small pieces. In [8] the integrity of certain families of graphswas studied. Itwas
demonstrated there that for a planar graph Gwith n vertices, we have I(G) ∈ O(n2/3) and that 2/3 is the best possible expo-
nent. A nearest neighbor graph is a geometric graphwhose vertex set is associated to points in ametric space (generally Rd).
Thus, to any pair of vertices we can attach a distance between the pair. Two vertices in a nearest neighbor graph of type k are
adjacent if and only if one of the vertices is among the k nearest neighbors of the other vertex. Nearest neighbor graphs pos-
sess a separator theorem [19] and the connectedness of certain random nearest neighbor graphs has been well-studied [5].
Here we extend the methods of [8] and apply them to nearest neighbor graphs and several other classes of graphs. The
same methods are also used to examine the toughness t(G) [7], the tenacity T (G) [9], the scattering number sc(G) [14,21],
and the rupture degree r(G) [16] of such graphs. The precise definitions, and somemotivation, for these measures are given
in Section 3. All graphs here are considered simple and we set n = |V (G)|.
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We are interested in asymptotic estimates of the relevant measures. In the following result, all of the constants can be
made explicit from Section 4.

Theorem 1.1. Let G be a k-type nearest neighbor graph embedded in Rd. Then for sufficiently large n there are positive numbers
ad, bd, and cd depending only on d so that

I(G) ≤ adc
d/(d+1)
d k1/(d+1)nd/(d+1)

− bdcdk1/dn(d−1)/d,

t(G) ≤ 2(d2−1)/dbddc
d
dk − 2d+1bd+1

d cd+1
d k(d+1)/dn−1/d,

T (G) ≤ 2(d2−1)/dbddc
d
dk − 2d+1bd+1

d cd+1
d k(d+1)/dn−1/d

+ 22d+2b2dd c2dd k2n−1,

sc(G) ≥ 2 − cdk1/dn(d−1)/d,

r(G) ≥ −adc
d/(d+1)
d k1/(d+1)nd/(d+1)

+ bdcdk1/dn(d−1)/d
+

√
2d−d/(d+1)b−d/(d+1)

d c−d/(d+1)
d k−1/(d+1)n1/(d+1).

The numbers ad, bd, and cd are given explicitly at the beginning of Section 4. Note that as k < nwe have k1/(d+1)nd/(d+1) >
k1/dn(d−1)/d and that t(G), T (G) ∈ O(k). How large n needs to be depends on d and k and can be made precise as indicated
in the proof of Theorem 3.2 in Section 3. As an example, for G as above with d = 3 we compute a3 = 4.925, b3 = 3.847 and
c3 = 29.394 from Section 4. Then for sufficiently large n we have the following explicit estimates,

I(G) ≤ 45.52k1/4n3/4
− 74.61k1/3n2/3,

t(G) ≤ 9180985.13k − 2616034622k4/3n−1/3,

T (G) ≤ 9180985.13k − 2616034622k4/3n−1/3
+ 5.36 × 1014k2n−1,

sc(G) ≥ 2 − 19.39k1/3n2/3,

r(G) ≥ −45.52k1/4n3/4
+ 74.61k1/3n2/3

+ 0.02k−1/4n1/4.

In Section 2 we give a brief catalog of various separator theorems, and following [1], we prove a precise version of the
separator theorem for nearest neighbor graphs from [19]. In Section 3 we show that a separator theorem of a certain type
implies bounds on the measures of vulnerability considered here. This result is used to prove Theorem 1.1 in Section 4.
There, we also apply the results of Section 3 to several other families of graphs such as planar graphs, graphs of fixed genus,
and minor-excluded graphs.

2. Separator theorems

For A ⊂ V (G) we denote by G[A] the maximal subgraph of G with vertex set A, and we say that G[A] is the subgraph
induced by A. Let G \ A denote G[V (G) \ A].

Definition 2.1. Let f be a function so that f (x) ≤ x and let δ ∈ [1/2, 1). A set C ⊂ V (G)with |V (G)| = n is an f (n) separator
that δ-splits G if |C | ≤ f (n) and V (G \ C) = A ⊔ B so that |A|, |B| ≤ δn and there are no edges from A to B.

The following have been previously found as separator theorems for various classes of graphs. If G is a planar graph with
n vertices then G has a 3

√
2

2

√
n separator that 2/3-splits G, see [4,17]. For G a graph of genus g with n vertices, then according

to [10,11], G has a
√
6(2g + 1)n separator that 2/3-splits G. A graph H is a minor of a graph G if H can be obtained from a

subgraph of G by contracting edges. An H-minor of G is a minor of G that is isomorphic to H . If G is a graph on n vertices
with no Kh-minor, then G has a h3/2√n separator that 2/3-splits G, see [3,2]. This has been improved in the h-aspect in [15]
to a ch

√
n separator. However, the constant c in the bound for this separator is not given precisely, and depends on several

subtle graph parameters. For chordal graphs with n vertices andm edges, G has a c
√
m separator that 1/2-splits G, for some

constant c , [12]. In [19,20,23] it was shown that a k-type nearest neighbor graph in Rd has an f (n) separator that d+1
d+2 -splits

the graph, where f ∈ O(k1/dn(d−1)/d). In this section we make this last separator theorem more precise.
The following result is essentially Theorem 8.5 in [1] which is stated, but not proved, and without giving the constant for

the bound of the separator. We give a proof of the result to obtain a precise constant for the separator and also for the sake
of completeness. In the sequel, 0(s) is the gamma function and τd is the kissing number in d dimensions, [19]. That is, τd is
the maximum number of unit balls in Rd, with nonoverlapping interiors, that can be arranged so that they are all tangent to
another unit ball. The kissing number depends only on d and τ1 = 2, τ2 = 6, and τ3 = 12 for example. The kissing number
for general n is difficult to determine precisely, but asymptotic upper and lower bounds are known.

Theorem 2.2. Let G be a nearest neighbor graph in Rd of type k. Then G has a

2d1/d
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separator that d+1
d+2 -splits G.
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