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1. Introduction

Graph coloring plays a central position in discrete mathematics. During the past hundred years, many deep and
interesting results have been obtained, and various applications have arisen. In the current paper, we focus on a restricted
version of graph coloring called equitable coloring.

For a positive integer k, let [k] = {1, 2, ..., k}. A (proper) k-coloring of a graph G is a mapping f: V(G) — [k] such that
f(x) # f(y) for xy € E(G). We call the set f~'(i) = {x € V(G):f(x) = i} a color class for i € [k]. Notice that each color
class is an independent set, i.e., a pairwise non-adjacent vertex set. A graph is k-colorable if it has a k-coloring. The chromatic
number of G is x (G) = min{k: G is k-colorable}.

This paper focuses on the following variation of coloring. An equitable k-coloring is a k-coloring for which any two
color classes differ in size by at most 1. If a graph of n vertices is equitably k-colorable then each color class is of
size L%J or (%1; more precisely, the color classes have sizes L%J (=("‘,—f+']) for i € [k]. The equitable chromatic
number of G is x—(G) = min{k: G is equitably k-colorable} and the equitable chromatic threshold of G is x*(G) = min
{t: G is equitably k-colorable for all k > t}. The concept of equitable colorability was first introduced by Meyer [26]. His
motivation came from the application given by Tucker [32] where vertices represented garbage collection routes and two
such vertices were joined when the corresponding routes should not be run on the same day. For more applications such as
scheduling and constructing timetables, please see [1,12,13,16,28,31,32]. For a good survey, please see the paper by Lih [23].

In 1964 Erdés [7] conjectured that any graph G with maximum degree A(G) < k has an equitable (k 4+ 1)-coloring. This
conjecture was proved in 1970 by Hajnal and Szemerédi [9] with a long and complicated proof. Mydlarz and Szemerédi [27]
found a polynomial-time algorithm for such a coloring. Recently, Kierstead and Kostochka [14] gave a short proof of the
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theorem, and presented another polynomial-time algorithm for such a coloring. They [15] proved an even stronger result
that every graph satisfying d(x) + d(y) < 2k + 1 for every edge xy has an equitable (k + 1)-coloring. Brooks type results are
conjectured: the Equitable Coloring Conjecture [26] x—(G) < A(G), and the Equitable A-Coloring Conjecture [5] x*(G) <
A(G) for G & {Ky, Cant1, Kant+1.2n+1}- Exact values of equitable chromatic numbers and equitable thresholds of trees [3,4] and
complete multipartite graphs [2,22] were determined. Chen et al. [6] and Furmariczyk [8] investigated equitable colorability
of square and cross products of graphs. Equitable coloring has been extensively studied in the literature; see [4,5,17-21,
23-25,28,29,34-36].

Among the known results on equitable coloring, we are most interested in those on graph products. Notice that studying
the relation of graph parameters between the product and its factors is helpful for analyzing the structure of complicated
graphs; see[10,11,30,33,37]. The Cartesian (or square) product of graphs G and H is the graph GOH with vertex set {(x, y): x €
V(G),y € V(H)} and edge set {(x, y)(x',¥):x = ¥ withyy’ € E(H) or xx' € E(G) withy = y'}.

This paper is organized as follows. Section 2 is a review for equitable colorings on Cartesian products of graphs related
to our results in this paper. Section 3 establishes exact values of equitable chromatic numbers and thresholds of Cartesian
products of an odd cycle or an odd path with a bipartite graph, an even cycle or an even path with a complete bipartite
graph, and two stars; and upper bounds on the equitable chromatic number and threshold of the Cartesian product of two
complete bipartite graphs. In the last section, we summarize our results and give some open problems.

2. Preliminaries

For an integer positive n, the n-path is the graph P, with vertex set {x1, X,, ..., X,} and edge set {x1X3, X2X3, ..., Xn_1Xn}.
For an integer n > 3, the n-cycle is the graph C, with vertex set {x1, X2, ..., X,} and edge set {X1X2, X2X3, ..., Xn_1Xn, XnX1}.
For positive integers m and n, the complete bipartite graph K, , is the graph with vertex set {y;,z;: 1 <i <m,1 <j < n}
and edge set {y;zj : 1 <i <m, 1 <j < n}. A bipartite graph is a subgraph of a complete bipartite graph.

It is evident from the definition that x (G) < x—(G) < xZ*(G) for any graph G. In general, the inequalities can be strict.
For example,

x(Kig) =2 < x=(K14) = x2(K1.4) = 3,
x(K33) = x=(K33) =2 < x2(K33) = 4,
X(Ksg) =2 < x=(Ks8) =3 < xZ(Ks8) = 5.

The following result by Chen et al. [6] is of most interest in our study on equitable colorability for Cartesian products of

graphs.

Theorem 1 ([6]). If G and H are equitably k-colorable, then so is GOH.
Consequently, we have the following inequality for the equitable chromatic threshold:

Corollary 2. x*(GOH) < max{x*(G), xX(H)}.

Corollary 3. If G and H are graphs with x(G) = x*(G) and x(H) = xX*(H), then x (GOH) = x—(GOH) = x*(GOH) =
max{x (G), x (H)}.
Proof. The result follows from Corollary 2 and Sabidussi’s result [30] that x (GOH) = max{x (G), x(H)}. O

Examples of graphs G with x (G) = x*(G) include complete graphs, paths and cycles; see [6,8] for Corollary 3 on these
three classes of graphs. For instance, x (K,0OK,) = x=(KnOK,) = xX(KnOK,) = max{m, n}, x (C,0C,) = x=(COC,) =
x2(CrOCy) = 2 (resp. 3) if m and n are even (resp. m or n is odd), and x—(K;,»,OP,) = 3form > 3and odd n > 3.

Unlike the equitable chromatic threshold, y— (GOH) < max{x—(G), x=(H)} is false in general. For instance, Chen et al. [6]
showed that x_(K; 120Ks3) = 4 > max{x=(Ky.12), x=(Ks3.3)} = 3. They [6] also mentioned that x_(G) = x-(H) = k
may not lead to x—(GOH) = k with the example x_ (K 2,) = n+ 1 while x—(Kj 2,0K; 2,) < 4.In Section 3 we shall give
more general results of this kind.

3. The Cartesian product of graphs

We now study equitable chromatic numbers and equitable chromatic thresholds of Cartesian products of graphs for three
cases as follows.

3.1. The product of Ca¢41 o1 Pyy1 With a bipartite graph

We first study the Cartesian product of an odd cycle or an odd path with a bipartite graph.

Theorem 4. If ¢ is a positive integer and H is a bipartite graph, then y_(Cy¢r10H) = xX(Cyy110OH) = x—(Pyy+10OH) =
X2 (Pae110OH) = 3 except that y—(Pye10H) = xZ*(P2e+10H) = 2 for the case when x_(H) < 2.

Proof. Recall that the vertex set of Cyp41 OF Pagyq iS {X1, X2, . . ., X2¢41}. Suppose the bipartition of the graph H consists of
Y=,y ...,¥m}and Z = {2y, 23, . . ., z,}. We order the vertices of the product graph C,y;10H or P,,10H as in Fig. 1.
Notice that any set consisting of consecutive vertices in the ordering of size no more than £(m + n) is an independent set.
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