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Complementary cycles In 1999, Yeo conjectured that each regular c-partite tournament D with ¢ > 4 and
Almost regular multipartite tournaments |V(D)| > 8 contains a pair of vertex-disjoint directed cycles of lengths 4 and |V(D)| — 4.

In 2004, Volkmann confirmed this conjecture for c > 5and ¢ = 4 and (D) > 4. As a
supplement to this result, we prove in this paper the following theorem.

Let D be an almost regular c-partite tournament with |V (D)| > 8 such that all partite
sets have the same cardinality r. If c > 50orc = 4and r > 6, then D contains a pair of
vertex-disjoint directed cycles of lengths 4 and |V (D)| — 4.

© 2013 Elsevier B.V. All rights reserved.

1. Terminology

A c-partite or multipartite tournament is an orientation of a complete c-partite graph. A tournament is a c-partite
tournament with exactly c vertices. By a cycle or path we mean a directed cycle or directed path.

In this paper, all digraphs are finite without loops or multiple arcs. The vertex set and the arc set of a digraph D are
denoted by V(D) and E (D), respectively. For a vertex set X of D, we define D[X] as the subdigraph induced by X.

If xy is an arc of a digraph D, then we write x — y and say x dominates y. If X and Y are two disjoint subsets of V(D)
or subdigraphs of D such that every vertex of X dominates every vertex of Y, then we say that X dominates Y, denoted by
X — Y. Furthermore, X ~» Y denotes the property that there is no arc from Y to X. By d* (X, Y) we define the number of
arcs going from X to Y.

The out-neighborhood N; (x) = Nt(x) of a vertex x is the set of vertices dominated by x, and the in-neighborhood
Np (x) = N7 (x) is the set of vertices dominating x. The numbers dg (*) =dT(x) = INT(x)|andd, (x) = d~(x) = [N~ (x)| are
the outdegree and indegree of x, respectively. The minimum outdegree and the minimum indegree of D are denoted by §* (D)
and 8 (D), and the maximum outdegree and the maximum indegree of D are denoted by A+ (D) and A~ (D), respectively. A
digraph D is p-inregular when §~ (D) = A~ (D) = p.

The global irregularity of a digraph D is defined by

ig(D) = max{max(d* (x), d” (x)) — min(d* (), d~(¥)) | x,y € V(D)},
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and the local irregularity by i;(D) = max |d* (x) —d~ (x)| over all vertices x of D. If iz (D) = 0, then Dis regular, and if iz (D) < 1,
then D is almost regular.

A cycle of length m is an m-cycle. A cycle in a digraph D is Hamiltonian if it contains all the vertices of D. A digraph is
Hamiltonian if it contains a Hamiltonian cycle. A set X C V(D) of vertices is independent if the induced subdigraph D[X] has
no arcs. The independence number «(D) = « is the maximum size among the independent sets of vertices of D.

A digraph D is strongly connected or strong if for each pair of vertices u and v, there is a path from u to v in D. A digraph
D with at least k 4 1 vertices is k-connected if for any set A of at most k — 1 vertices, the subdigraph D — A obtained from
D by deleting A is strong. The connectivity of D, denoted by « (D), is then defined to be the largest value of k such that D
is k-connected. A cycle-factor of a digraph D is a spanning subdigraph consisting of disjoint cycles. A cycle-factor with the
minimum number of cycles is called a minimal cycle-factor. If x is a vertex of a cycle C, then the predecessor and the successor
of x on C are denoted by x~ and x™, respectively.

2. Introduction and preliminary results

Adigraph Dis called cycle complementary if there exist two vertex-disjoint cycles C and C’ such that V(D) = V(C)UV (C).
The problem of complementary cycles in tournaments was almost completely solved by Reid [6] in 1985 and Z. Song [7] in
1993. These authors proved that every 2-connected tournament T on at least 8 vertices has complementary cycles of length
tand |V(T)|—tforallt € {3,4, ..., |V(T)|—3}.For c-partite tournaments with ¢ > 4, there exists the following conjecture.

Conjecture 2.1 (Yeo [16]). A regular c-partite tournament D with ¢ > 4 and |V (D)| > 8 has a pair of vertex-disjoint cycles of
length t and |V(D)| — t forallt € {3,4, ..., |V(D)| — 3}.

In 2004 and 2005, Volkmann [9,10] confirmed this conjecture for t = 4 and t = 3, unless D is a regular 4-partite
tournament with two vertices in each partite set. In 2009, He, Korneffel, Meierling, Volkmann and Winzen [4] showed
that Conjecture 2.1 is valid for t = 5 and |V(D)| > 10. For more information on complementary cycles in multipartite
tournaments we refer the reader to the survey articles [8,11] by Volkmann.

As a supplement to the result in [9], we will prove in this paper the following theorem. Let D be an almost regular
c-partite tournament with |V(D)| > 8 such that all partite sets have the same cardinality r.If c > 50orc = 4andr > 6,
then D contains a pair of vertex-disjoint cycles of lengths 4 and |V (D)| — 4.

The following results play an important role in our investigations.

Theorem 2.2 (Moon [5]). Let T be a strongly connected tournament. Then every vertex of T is contained in an m-cycle for each
me{3,4,...,|V()]}.

Theorem 2.3 (Bondy [1]). Each strong c-partite tournament with ¢ > 3 contains an m-cycle foreachm € {3, 4, ..., c}.

Theorem 2.4 (Reid [6], Song [7]). If T is a 2-connected tournament with |V (T)| > 8, then T contains two complementary cycles
of lengtht and |V(T)| — t forevery3 <t < |V(T)|/2.

Theorem 2.5 (Yeo [14]). Let D be a (1q/2] 4 1)-connected multipartite tournament such that «(D) < q.If D has a cycle-factor,
then D is Hamiltonian.

Theorem 2.6 (Yeo [14]). Let D be a multipartite tournament having a cycle-factor but no Hamiltonian cycle. Then there exists a
partite set V* of D and an indexing Cy, Cy, ..., C; of the cycles of some minimal cycle-factor of D such that for all arcs yx from
Gj to Cy for 2 <j < t, it holds that {y™,x"} C V*.

Theorem 2.7 (Yeo [15]). If D is multipartite tournament, then

V(D)| — a(D) — 2i;(D
K(D)ZP (D)| = a(D) — 2i( )—‘.
3
Theorem 2.8 (Yeo [17]). Let V1, V5, ..., V. be the partite sets of a c-partite tournament D such that |V;| < |[V5| < --- < |V¢].
If

VD) = Vel = 2|Ve| 42

ig(D) < 5

then D is Hamiltonian.

Lemma 2.9 (Yeo [17], Gutin, Yeo [3]). A digraph D has no cycle-factor if and only if its vertex set V(D) can be partitioned into
four subsets Y, Z, Ry, and R, such that

Ri~Y, (RIUY)~R,, and |Y|>|Z|, (1)

where Y is an independent set.
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