Discrete Applied Mathematics 184 (2015) 258-263

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

Note

Degree conditions for graphs to be maximally k-restricted @CmssMark
edge connected and super k-restricted edge connected”

Shiying Wang®>*, Nana Zhao"

2 College of Mathematics and Information Science, Henan Normal University, Xinxiang, Henan 453007, PR China
b School of Mathematical Sciences, Shanxi University, Taiyuan, Shanxi 030006, PR China

ARTICLE INFO ABSTRACT

Articl_e history: ) For a connected graph G = (V, E),anedge set S C E(G) is called a k-restricted edge cut of G
Received 15 April 2014 if G—S is disconnected and every component of G—S has at least k vertices. The k-restricted
Received in revised form 18 October 2014 edge connectivity of G, denoted by A, (G), is defined as the cardinality of a minimum k-

Accepted 28 October 2014

Available online 20 November 2014 restricted edge cut. For two disjoint vertex subsets X, Y of G, define [X, Y] = {xy € E(G) :

x € X,y € Y} and define &(G) = min{|[X, X]| : X € V(G), |X| =k, G[X] is connected},
where X = V(G) \ X. G is A-optimal if A (G) = &(G). Furthermore, G is super-X; if ev-

{Sg}evrvgﬁ;'ection network ery minimum k-restricted edge cut of G isolates a connected subgraph with order k. The
Graph k-restricted edge connectivity is an important index to estimate the reliability of networks.
k-restricted edge connectivity In this paper, some degree conditions for graphs to be maximally k-restricted edge con-
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Degree condition

1. Introduction and definitions

For graph-theoretical terminology and notation not defined here we follow [1].

We consider finite, undirected, and simple graphs G with the vertex set V(G) and the edge set E(G). The order of G is the
number of vertices in G, denoted by v. If vertices u and v are connected in G, the distance between u and v in G, denoted by
d(u, v) = dg(u, v), is the length of a shortest path from u to v in G. If there is no path connecting u and v, we define d(u, v) to
be infinite. For each vertex v € V(G), the open neighborhood N (v) = Ng(v) of v is defined as the set of all vertices adjacent
to v, Ng[v] = Ng(v) U {v} is the closed neighborhood of v, and d(v) = |[N(v)]| is the degree of v. For X C V(G), we define
Nx(v) = Ng(v) N X. A cut vertex of a graph G is a vertex v such that c¢(G — v) > ¢(G), where c(G) denotes the number of
components of G. In particular, a cut vertex of a connected graph is a vertex whose deletion results in a disconnected graph.
For two disjoint vertex sets X and Y, let [X, Y] be the set of edges with one endpoint in X and the other one in Y, and let
|[X, Y]| denote the cardinality of [X, Y]. If X € V(G), thenlet X = V(G) \ X, and let G[X] be the subgraph induced by X. We
define 3(X) = |[X, X]|.

An edge set S C E(G) is said to be a restricted edge cut if G — S is disconnected and every component of G — S contains
at least 2 vertices. The restricted edge connectivity of G, denoted by A’(G), is defined as the cardinality of a minimum re-
stricted edge cut of G. Denote the minimum edge degree by £(G) = min{d(u) + d(v) — 2 : uv € E(G)}. A graph G with
A'(G) = £(G) is said to be A'-optimal. Furthermore, if every minimum restricted edge cut of G is a set of edges adjacent to a
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certain edge with minimum edge degree in G, then G is said to be super-A’. Generally, for a connected graph G, an edge set
S C E(G) is called a k-restricted edge cut of G if G — S is disconnected and every component of G — S has at least k vertices.
The k-restricted edge connectivity of G, denoted by 1, (G), is defined as the cardinality of a minimum k-restricted edge cut. A
minimum k-restricted edge cut is called a A-cut. A connected graph G is called a Ax-connected graph if 1, (G) exists. Clearly,
A2(G) = ) (G).Itis easy to see that if G is A,-connected for k > 2, then Gis also A,_;-connected and A;_1(G) < Ax(G).Inview
of recent studies on k-restricted edge connectivity, it seems that the larger A, (G) is, the more reliable the network is [6,7,10].
So, we expect A, (G) to be as large as possible. Clearly, the optimization of A;(G) requires an upper bound first. For any posi-
tive integer k, let £, (G) = min{|[X, X]| : X C V(G), |X| = k, G[X] is connected}. A connected graph G is called a maximally
k-restricted edge connected graph, in short, a Ag-optimal graph, if A4 (G) = &, (G).Furthermore, G is called a super k-restricted
edge connected graph, in short, a super-A; graph, if every A,-cut of G isolates a connected subgraph with order k, that is,
every A,-cut of G is a set of edges adjacent to a certain connected subgraph with order k. Let G be a A,-connected graph with
M (G) < &(G). By definition, if G is a super-X; graph, then G must be a A -optimal graph. However, the converse is not true.
For example, a cycle of length v(v > 2k + 2) is a A;-optimal graph that is not super-Ay.

A processor interconnection network or a communication network is conveniently modeled by a graph. It is well known
that when studying network reliability, one often considers a network model [2] whose vertices are perfectly reliable while
edges may fail independently with the same probability. The edge connectivity is an important measurement for reliability
and fault tolerance of this network. In order to estimate more precisely the reliability of networks, Esfahanian and Hakimi [2]
introduced the concept of restricted edge connectivity. As a generalization of restricted edge connectivity, the concept of
k-restricted edge connectivity was introduced by Fabrega and Fiol [3]. Investigations on the restricted edge connectivity of
graphs were made by several authors, for example, by [4,5,8,9,11-15].

Theorem 1.1 ([5]). Let G be a A'-connected graph. If
max(d(@). d@)} = | 3 |~ 1
for each pair u, v € V(G) with d(u, v) = 2, and for each triangle T, there exists at least one vertex v € V(T) such that
v
d >[7J 1,
(v) = 1k
then G is A'-optimal. If the conditions still hold after replacing d(-) with d(-) — 1, then G is super-'.

Theorem 1.2 ([9)). Let G be a A'-connected graph. If

v

dw)+dw)32[2J—3

for each pair u, v € V(G) with d(u, v) = 2, and for each triangle T, there exists at least one vertex v € V(T) such that
1%

d(v) > [EJ +1,

then G is \'-optimal.

In Section 2, we prove a generalized degree condition for graphs to be Ax-optimal and a generalized degree condition for
graphs to be super-Xy, respectively, which extends Theorem 1.1. Moreover, we also prove a degree condition for graphs to
be A,-optimal, which extends Theorem 1.2.

2. Main results

Lemma 2.1 ([11]). If G is a A3-connected graph, then A3(G) < &;(G).
Lemma 2.2 ([8]). If Gis a A4-connected graph with order v > 11, then A4(G) < &4(G).

Lemma 2.3 ([9]). Let k be a positive integer with k > 5 and let G be a Ay-connected graph with order v > k(k — 1). Then
)\k(G) = gk(c)-

Lemma 2.4 ([4]). Let G be a Ag-connected graph with A, (G) < &(G). Then G is A,-optimal if and only if either G is not Ayy1-
connected or G is hy1-connected with dy11(G) > &(G); G is super-Ay if and only if either G is not Ayy1-connected or G is
Akr1-connected with Ly 1(G) > &(G).

Theorem 2.5. Let G be a A,-connected graph with order v > k(k — 1). If

max{d(u), d(v)} > EJ k= 2d,v) +1
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