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a b s t r a c t

For a positive integer s, an s-club in a graph G is a set of vertices that induces a subgraph
of G of diameter at most s. We study a relation of clubs and cliques. For a positive integer
s, we say that a graph class G has the s-clique-power property if for every graph G ∈ G,
everymaximal clique in Gs is an s-club in G. Our main combinatorial results show that both
4-chordal graphs and AT-free graphs have the s-clique-power property for all s ≥ 2. This
has various algorithmic consequences. In particular we show that a maximum s-club in G
can be computed in polynomial time when G is a chordal bipartite or a strongly chordal
or a distance hereditary graph. On weakly chordal graphs, we obtain a polynomial-time
algorithm when s is an odd integer, which is best possible as the problem is NP-hard for
even values of s. We complement these results by proving the NP-hardness of the problem
for every fixed s on 4-chordal graphs. Finally, if G is an AT-free graph, we prove that the
problem can be solved in polynomial time when s ≥ 2, which gives an interesting contrast
to the fact that the problem is NP-hard for s = 1 on this graph class.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

Max Clique is one of the most fundamental problems in graph algorithms. Cliques model highly connected or correlated
parts of networks and data sets, and consequently they find applications in numerous diverse fields. Formany real problems,
however, cliques present a too restrictive measure of connectivity (see e.g., [1,15,26,32]), and the notion of clubs were pro-
posed to give more realistic models [3,27]. Given a graph G = (V , E) on n vertices and an integer s between 1 and n, a vertex
subset S ⊆ V is an s-club if the subgraphofG inducedby S has diameter atmost s. Hence 1-clubs are exactly cliques, and every
s-club is also an (s+1)-club by definition. Notice the non-hereditary nature of s-clubs, whichmakes their behavior different
from that of cliques for s ≥ 2: although every subset of a clique is a clique, the same is not true for an s-club. In fact, deciding
whether a given s-club is maximal, in the sense that no superset of it is an s-club, is NP-complete for every fixed s ≥ 2 [28].

Given a graphG and an integer s, the objective of theMax s-Clubproblem is to compute an s-club ofmaximumcardinality.
We are interested in the exact solution of this problem. Note that the problem becomes trivial if G has diameter at most s.

Max s-Club is NP-hard for every fixed s, even on graphs of diameter s + 1 [7]. It remains NP-hard on bipartite graphs
for every fixed s ≥ 3, and on chordal graphs for every even fixed s ≥ 2 [4]. Max 2-Club is NP-hard on graphs that become
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bipartite by deleting one vertex, on graphs that can be covered by three cliques, and on graphswith domination number two
and diameter three [20]. On split graphs Max 2-Club is NP-hard [4], whereas Max s-Club has a trivial solution for all input
s ≥ 3. On general graphs, the problem is fixed-parameter tractable when parameterized by the solution size [13] for every
fixed s ≥ 2, or by the dual of the solution size [31] for every fixed s. Fixed-parameter tractability of Max 2-Club has been
studied also with respect to various other parameters [21,20]. Furthermore,Max s-Club can be solved by an O(1.62n)-time
algorithm [13]. The problem can be solved in polynomial time on trees and interval graphs for all input values of s, and on
graphs of bounded treewidth and graphs of bounded clique-width for every fixed s that is not a part of the input [30].

In this paper we show that Max s-Club can be solved in polynomial time for all odd input values of s on weakly chordal
graphs. For subclasses of weakly chordal graphs, we show that the problem can be solved in polynomial time for all input
values of s on chordal bipartite graphs, strongly chordal graphs, and distance hereditary graphs. To complement these pos-
itive results, we show that on 4-chordal graphs, which form a superclass of weakly chordal graphs, the problem is NP-hard
for every fixed s. In addition to these results, we show that the problem is solvable in polynomial time for all input s ≥ 2 on
AT-free graphs. Interestingly,Max Clique isNP-hard on this graph class. The inclusion relationship among the graph classes
mentioned above is illustrated in Fig. 1, which also summarizes our results.

2. Definitions and first observations

We refer to the textbook by Diestel [17] for any undefined graph terminology. We consider finite undirected graphs
without loops or multiple edges. Such a graph G = (V , E) is identified by its vertex set V and its edge set E. Throughout the
paper, we let n = |V | and m = |E|. The subgraph of G induced by U ⊆ V is denoted by G[U]. For a vertex v, we denote
by NG(v) the set of vertices that are adjacent to v in G. The distance distG(u, v) between vertices u and v of G is the number
of edges on a shortest path between them. The diameter diam(G) of G is max{distG(u, v) | u, v ∈ V }. The complement of
G is the graph G with vertex set V , such that any two distinct vertices are adjacent in G if and only if they are not adjacent
in G. For a positive integer k, the k-th power Gk of G is the graph with vertex set V , such that any two distinct vertices u, v
are adjacent in Gk if and only if distG(u, v) ≤ k. We say that P is a (u, v)-path if P is a path that joins u and v. The vertices
of P different from u and v are the inner vertices of P . The chordality ch(G) of a graph G is the length of the longest induced
cycle in G; if G has no cycles, then ch(G) = 0. A set of pairwise adjacent vertices is a clique. A clique is maximal if no proper
superset of it is a clique, andmaximum if it has maximum size.

For a non-negative integer k, a graph G is k-chordal if ch(G) ≤ k. A graph G isweakly chordal if both G and G are 4-chordal.
A graph is chordal bipartite if it is both 4-chordal and bipartite. A graph is chordal if it is 3-chordal. A graph is a split graph if
its vertex set can be partitioned in an independent set and a clique. A chord xy in a cycle C of even length is said to be odd if
the distance in C between x and y is odd. A graph is strongly chordal if it is chordal and every cycle of even length at least 6
has an odd chord. A graph G is a distance hereditary if for any connected induced subgraph H of G, if u and v are in H , then
distG(u, v) = distH(u, v). An asteroidal triple (AT) is a set of three non-adjacent vertices such that between each pair of them
there is a path that does not contain a neighbor of the third. A graph is AT-free if it contains no AT. Each of these graph classes
can be recognized in polynomial (in most cases linear) time and they are closed under taking induced subgraphs [10,18].
See the monographs by Brandstädt et al. [10] and Golumbic [18] for more properties and characterizations of these classes
and their inclusion relationships.

Let s be a positive integer. A set of vertices S in G is an s-club if diam(G[S]) ≤ s. An s-club of maximum size is amaximum
s-club. Given a graph G and a positive integer s, the Max s-Club problem is to compute a maximum s-club in G. Cliques are
exactly 1-clubs, and henceMax 1-Club is equivalent to Max Clique.

Observation 1. Let G be a graph and let s be a positive integer. If S is an s-club in G then S is a clique in Gs.

Although Observation 1 is easy to see, it is important to note that the backward implication does not hold in general: a
(maximal) clique in Gs is not necessarily an s-club. To see this, let s = 2 and consider the graphs shown in Fig. 2(a) and (b).
The set of vertices S shown in black in Fig. 2(a) is the unique maximum clique of G2

1, but clearly S is not a 2-club in G1, as
G1[S] is not even connected. The example in Fig. 2(b) shows that it does not help to require that G[S] is connected: the set of
black vertices S is a maximal clique in G2

2, G2[S] is connected, but S is not a 2-club in G2, because distG2[S](u, v) = 3. Observe
also that a maximum s-club in G is not necessarily a maximal clique in Gs. Furthermore, the maximum size of a clique in G2

1
is strictly greater than the maximum size of a 2-club in G1. For the set of black vertices S in Fig. 2(b), S \ {u} and S \ {v} are
maximum 2-clubs, whereas S is a maximal clique in G2

2.
As we will show in Section 3, for some graph classes, maximal cliques in sth powers are in fact s-clubs. For a positive

integer s, we say that a graph classG has the s-clique-power property if for every graphG ∈ G, everymaximal clique inGs is an
s-club in G. Furthermore, we say thatG has the clique-power property if everymaximal clique in Gs is an s-club in G, for every
positive integer s and every graph G ∈ G. Due to Observation 1, we see that if G belongs to a graph class that has the clique-
power property, then a vertex set S in G is a maximal s-club if and only if S is a maximal clique in Gs. As Gs can be computed
in time O(n3) for any positive s, the following is immediate, and it will be the framework in which we obtain our results.

Proposition 1. Let G be a graph class that has the clique-power property and let s be a positive integer.
• If Max Clique can be solved in time O(f (n)) on {Gs

| G ∈ G}, thenMax s-Club can be solved in time O(f (n) + n3) on G.
• If Max Clique is NP-hard on {Gs

| G ∈ G}, thenMax s-Club is NP-hard on G.
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