Discrete Applied Mathematics 174 (2014) 102-112

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

Pivotal decompositions of functions @ CrossMark

Jean-Luc Marichal *, Bruno Teheux

Mathematics Research Unit, FSTC, University of Luxembourg, 6, rue Coudenhove-Kalergi, L-1359 Luxembourg, Luxembourg

ARTICLE INFO ABSTRACT

Article history: We extend the well-known Shannon decomposition of Boolean functions to more general
Received 14 January 2013 classes of functions. Such decompositions, which we call pivotal decompositions, express
Received in revised form 3 April 2014 the fact that every unary section of a function only depends upon its values at two given

Accepted 17 April 2014

Available online 1 May 2014 elements. Pivotal decompositions appear to hold for various function classes, such as the

class of lattice polynomial functions or the class of multilinear polynomial functions. We
also define function classes characterized by pivotal decompositions and function classes
characterized by their unary members and investigate links between these two concepts.

© 2014 Elsevier B.V. All rights reserved.

Keywords:

Shannon decomposition
Pivotal decomposition
Boolean function
Pseudo-Boolean function
Switching theory
Aggregation function

1. Introduction

A remarkable (though immediate) property of Boolean functions is the so-called Shannon decomposition, or Shannon
expansion (see [20]), also called pivotal decomposition [2]. This property states that, for every Boolean function f: {0, 1}" —
{0, 1} and every k € [n] = {1, ..., n}, the following decomposition formula holds:

FOO =xf(x) +Xf), X=(x1,...,x) €1{0, )", (1)

where X, = 1 — x, and x{, is the n-tuple whose ith coordinate is g, if i = k, and x;, otherwise. Here the ‘+’ sign represents
the classical addition for real numbers.

Decomposition formula (1) means that we can precompute the function values for x, = 0 and x, = 1 and then select
the appropriate value depending on the value of x,. By analogy with the cofactor expansion formula for determinants, here
f(x,l) (resp.f(xg)) is called the cofactor of x (resp. x;) for f and is derived by setting x, = 1 (resp. x, = 0)in f.

Clearly, the addition operation in (1) can be replaced with the maximum operation V, thus yielding the following
alternative formulation of (1):

F&X) = xfx)) vV &fxD), xe€{0,1)" ke [n].

Equivalently, (1) can also be put in the form

FOO = i VFOR) ®e VX)), x€{0,1)", kelnl. (2)

* Corresponding author. Tel.: +352 4666446662.
E-mail addresses: jean-luc.marichal@uni.lu (J.-L. Marichal), bruno.teheux@uni.lu (B. Teheux).

http://dx.doi.org/10.1016/j.dam.2014.04.013
0166-218X/© 2014 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.dam.2014.04.013
http://www.elsevier.com/locate/dam
http://www.elsevier.com/locate/dam
http://crossmark.crossref.org/dialog/?doi=10.1016/j.dam.2014.04.013&domain=pdf
mailto:jean-luc.marichal@uni.lu
mailto:bruno.teheux@uni.lu
http://dx.doi.org/10.1016/j.dam.2014.04.013

J.-L. Marichal, B. Teheux / Discrete Applied Mathematics 174 (2014) 102-112 103

As it is well known, repeated applications of (1) show that any n-ary Boolean function can always be expressed as the
multilinear polynomial function

f =Y a9 [[x ] x xefo.ny (3)
SC|n] ieS ie[n]\S

where 15 is the characteristic vector of S in {0, 1}", that is, the n-tuple whose ith coordinate is 1, ifi € S, and 0, otherwise.
If f is nondecreasing (i.e., the map z > f(x}) is isotone for every x € {0, 1}" and every k € [n]), then by expanding (2)
we see that the decomposition formula reduces to

fOO =@ fox) V), xe{0,1)", keln], (4)
or, equivalently,
f(x) = med(Xkaf(xll)vf(xg)) ’ Xe {05 1}”7 k € [n]s (5)

where med is the ternary median operation defined by
med(x,y,z) = X AY)V (Y AZ)V(ZAX)

and A is the minimum operation.
Interestingly, the following decomposition formula also holds for nondecreasing n-ary Boolean functions:

F&X) =X (Fxp) VD) + % Fx) Af(xD), x€{0,1}", k € [n]. (6)

Actually, any of the decomposition formulas (4)-(6) exactly expresses the fact that f should be nondecreasing and hence
characterizes the subclass of nondecreasing n-ary Boolean functions. We state this result as follows.

Proposition 1.1. A Boolean function f: {0, 1} — {0, 1} is nondecreasing if and only if it satisfies any of the decomposition
formulas (4)-(6).

Decomposition property (1) also holds for functions f: {0, 1}" — R, called n-ary pseudo-Boolean functions. As a conse-
quence, these functions also have the representation given in (3). Moreover, formula (6) clearly characterizes the subclass
of nondecreasing n-ary pseudo-Boolean functions.

The multilinear extension of a pseudo-Boolean function f: {0, 1}" — R is the functionf: [0, 1]" — R defined by (see
Owen [16,17])

foo=Y ras [[x [Ja-x. xelo11" 7)

SC[n] ieS ie[n]\S

Actually, a function is the multilinear extension of a pseudo-Boolean function if and only if it is a multilinear polynomial
function, i.e., a polynomial function of degree <1 in each variable. Thus defined, one can easily see that the class of multilinear
polynomial functions can be characterized as follows.

Proposition 1.2. A function f: [0, 1]" — R is a multilinear polynomial function if and only if it satisfies
FOO =xf(x) + (1 =x)f(x), x€[0,1]", k € [n]. (8)
Interestingly, Eq. (8) provides an immediate proof of the property

e)
V) _ ixt) —rod).

axk -

which holds for every multilinear polynomial function f: [0, 1]" — R.

As far as nondecreasing multilinear polynomial functions are concerned, we have the following characterization, which
is a special case of Corollary 4.8. Recall first that a multilinear polynomial function is nondecreasing if and only if so is its
restriction to {0, 1}" (i.e., its defining pseudo-Boolean function).

Proposition 1.3. A function f: [0, 1]" — R is a nondecreasing multilinear polynomial function if and only if it satisfies
F&) =xFx) VX)) + X (Fx) Af(xQ), x€[0,1]", k € [n]. 9)

The decomposition formulas considered in this introduction share an interesting common feature, namely the fact that
any variable, here denoted x; and called pivot, can be pulled out of the function, reducing the evaluation of f(x) to the
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