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Rationale and Objectives: Current schemes for computer-aided detection (CAD) of colon polyps usually use kernel methods to
perform curvature-based shape analysis. However, kernel methods may deliver spurious curvature estimations if the kernel contains

two surfaces, because of the vanished gradient magnitudes. The aim of this study was to use the Knutsson mapping method to

deal with the difficulty of providing better curvature estimations and to assess the impact of improved curvature estimation on the

performance of CAD schemes.

Materials andMethods: The newmethodwas compared to twowidely used kernel methods in terms of the performance of two stages of

CAD: initial detection and true-positive and false-positive classification. The evaluation was conducted on a database of 130 computed

tomographic scans from 67 patients. In these patient scans, there were 104 clinically significant polyps and masses >5 mm.

Results: In the initial detection stage, the detection sensitivity of the three methods was comparable. In the classification stage, at a 90%

sensitivity level on the basis of the input of this step, the new technique yielded 3.15 false-positive results per scan, demonstrating reduc-

tions in false-positive findings of 30.2% (P < .01) and 27.9% (P < .01) compared to the two kernel methods.

Conclusions: The new method can benefit CAD schemes with reduced false-positive rates, without sacrificing detection sensitivity.
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A
ccording to recent statistics from the American

Cancer Society (1), colorectal cancer is the third

most common cause of both cancer deaths and new

cancer cases in both men and women in the United States.

Most colon cancers start from benign polyps, and the transfor-

mation from benignity to malignance often takes 5 to 10 years.

Therefore, early detection and removal of colonic polyps prior

to their malignant transformation can effectively decrease the

incidence of colon cancer (2–4). Colon polyps are not

commonly associated with any symptoms. Therefore,

adequate time interval screening is recommended for people

aged > 50 years by the American Cancer Society (1). As

a new minimally invasive screening technique, computed

tomographic colonography (CTC) or computed tomog-

raphy–based virtual colonoscopy has shown several advantages

over the traditional optical colonoscopy (5). To improve the

performance of CTC in detecting polyps, computer-aided

detection (CAD) has shown the potential to assist physicians

in finding and analyzing polyps in the colon (6–11).

In most currently available CAD systems in CTC, prin-

cipal curvatures, estimated through kernel methods (12,13),

and principal curvature–related measures, such as mean

curvatures, Gaussian curvatures, sphericity ratio, shape

index, and curvedness, are widely used to characterize the

shapes of colon polyps (7,8,14–21). However, when

a kernel contains two surfaces (as happens for thin slab

objects such as colonic folds and spherical objects such as

polyps), spurious estimations of curvatures are frequently

observed, indicating false high curvature (22). This is due

to the discontinuity at thin structures, where the curvatures

are discontinuous because of the diminished gradient

magnitude. Fortunately, this discontinuity problem can be

solved using Knutsson mapping (23), which maps a discon-

tinuous orientation field into a continuous one. In this

study, we adapted the Knutsson mapping technique to

accurately estimate principal curvatures and explored the

possible benefits of such improved curvature estimation

for CAD performance in CTC. Evaluation of the new

technique using both phantom experiments and patient

studies demonstrated a noticeable reduction in the false-

positive (FP) rate for CAD of colonic polyps compared

to two current kernel methods.
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MATERIALS AND METHODS

Methods

In this section, we outline three curvature estimation tech-

niques: Knutsson mapping and two widely used kernel

methods. The details of each technique can be found in the

related references. The focus of this section is on the immu-

nity property of Knutsson mapping to the discontinuity

problem for CAD of colon polyps.

Kernel methods for estimation of principal curvatures. In differen-
tial geometry theory (24), for any point on a smooth surface,

any nonsingular curve through that point on the surface will

have its own tangent vector T lying in the tangent plane of

the surface orthogonal to the normal vector. The curvature

associated with T at that point is then defined as

kT ¼ k�N; (1)

where k is the curvature vector of the concerned curve at that

point, and N is the unit normal at that point on the surface.

Nonsingular curves that have the same tangent vector Twill

have the same curvature kT. Among all possible tangent vectors,

the maximum and minimum values of kT at that point are

called the principal curvatures, k1 and k2, and the directions of

the corresponding tangent vectors are called principal directions.

To compute the principal curvatures for implicit surfaces

(eg, isosurfaces) embedded in a three-dimensional volume

image, various kernel methods were developed (12,13). In

the kernel method developed by Monga et al (12), denoted

as KM1 in the following text, equation 1 was rewritten as

kT ¼ �ðT tUHTÞ=kgk; (2)

whereUH is the Hessian matrix of the volume image, and g is

the gradient vector (the normal vector). The resulted prin-

cipal curvatures and directions were expressed as functions

of the first and second derivatives of the image. In the kernel

method developed by Thirion and Gourdon (13), denoted as

KM2 in the following text, equation (1) was rewritten as

k1;2 ¼ H �
ffiffiffiffi
D

p
with D ¼ H2 � K ; (3)

where H = (k1 + k2) and K = k1k2 are the mean and Gaussian

curvatures.They canbecomputedusing the following formulas:

H ¼ 1

2kgk3
h
I2x
�
Iyy þ Izz

�� 2IyIzIyz þ I2y ðIxx þ IzzÞ

� 2IxIzIxz þ I2z
�
Ixx þ Iyy

�� 2IxIyIxy;

(4)

K ¼ 1

kgk4
h
I2x

�
IyyIzz þ I 2yz

�
� 2IyIz

�
IxzIxy � IxxIyz

�

þ I2y
�
IxxIzz þ I2xz

�� 2IxIz
�
IyzIxy � IyyIxz

�
þ I2z

�
IxxIyy þ I2xy

�
� 2IxIy

�
IxzIyz � IzzIxy

�
:

(5)

In equations 4 and 5, the notions associated with I with

various subscripts indicate the corresponding partial

derivatives of the image intensity I. Therefore, both

methods, KM1 and KM2 (12,13), represent the principal

curvatures as functions of the first and second spatial

derivatives of the volume image.

Knutsson mapping. In the aforementioned kernel methods,

the curvature is essentially evaluated as ITT=kVIk, with T rep-

resenting the associated principal direction, where ITT indi-

cates the second derivative of the image intensity along the

principal direction. Therefore, severe overestimation occurs

when the gradient magnitude kVIk approaches very small

values or close to zero. Rieger et al (23) presented a method

based on Knutsson mapping, KMM, to solve the discontinuity

problem. The basic idea is described below using the same

terms and notations as above.

The curvature k in direction T can also be defined as the

magnitude of the change of the surface normal N:

kT ¼ kVTNk: (6)

The normal N and the two principal directions T1 and T2

are aligned with the three eigenvectors e1, e2, and e3, with

decreasing eigenvalues of the gradient structure tensor

G ¼ vvt with v ¼ VI , where the overhead bar ð,Þ stands

for smoothing in a local (Gaussian) neighborhood. Therefore,

two scales are involved here: the scale sg for evaluating the

gradient vector VI ¼ I � VGðsgÞ with Gaussian derivatives

VGðsgÞ of the Gauss kernel G(sg) and the scale sT for the

Gaussian weighted tensor smoothing

G ¼ vvt ¼ ðvvtÞ �GðsT Þ. VT is the operator of directional

derivative along T. Equation 6 essentially defines the principal

curvatures by differentiating the normal with respect to

the principal directions: jk1;2j ¼ kVT1;2
Nk. Therefore, the

gradient magnitude does not serve as denominator, and the

discontinuity problem of the gradient magnitude is then

avoided in theory. However, the eigenvectors of G contain

only orientation, without direction information (an orienta-

tion has two directions reverse to each other), which leaves

room for ambiguity in representing directional vectors (eg,

e1 = �N). The ambiguous representation leads to trouble-

some descriptions (ie, the so-called discontinuity issue in the

orientation space) (25). Direct computation of the partial

derivatives within the discontinuous orientation field will

lead to spurious curvatures. To establish a continuous orienta-

tion representation, Knutsson (26) proposed that the

following three properties or criteria had to be satisfied: (1)

uniqueness: vectors�e of the original space should bemapped

onto the same vector in the representation space; (2) polar

separability: the norm of the mapped vector should be inde-

pendent of the direction of the original vector; and (3)

uniform stretch: the mapping should locally preserve the angle

metric of the original space.

As discussed by Rieger and van Vliet (25), gradient struc-

ture tensor stands as a mapping itself satisfying the first two
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