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Rationale and Objectives: The partial area under the receiver operating characteristic (ROC) curve (pAUC) is a useful summary measure
for diagnostic studies. Unlike most summary measures that are functions of the ROC curve, researchers have not been aware of an analytic
expression available for computing the pAUC for an ROC curve based on a latent binormal model. Instead, the pAUC has been computed
using numerical integration or a rational polynomial approximation. Our purpose is to provide analytic expressions for the two forms of
pAUC.

Materials and Methods: We discuss the two fundamentally different types of pAUC. We present analytic expressions for both types, pro-
vide corresponding proofs, and illustrate their application with an example comparing the performances of spin echo and cine magnetic
resonance imaging for detecting thoracic aortic dissection.

Results: We provide an example of using the pAUC as the outcome in a multireader multicase analysis. We find that using the pAUC
results in a more significant finding.

Conclusions: We have provided analytic expressions for both types of pAUC, making it easier to compute the pAUCs corresponding to

binormal ROC curves.
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INTRODUCTION

n diagnostic radiology, receiver operating characteristic
(ROC) curves are commonly used to quantify the accuracy
with which a reader (typically a radiologist) can discrimi-
nate between images from nondiseased (or normal) and dis-
eased (or abnormal) cases. Although the ROC curve
concisely describes the tradeofts between sensitivity and spe-
cificity, typically accuracy is summarized by a summary index
that is a function of the ROC curve. Commonly used sum-
mary indices include the area under the ROC curve (AUC),
the partial area under the ROC curve (pAUC), sensitivity
for a given specificity, and specificity for a given sensitivity.
See Zou et al (1) for a concise introduction to ROC analysis.
A common method for estimating the ROC curve is likeli-
hood estimation under the assumption of a latent binormal
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model (2-5); alternatively, a generalized linear model
approach can also be used (6,7) based on the binormal
model assumption. Under the latent binormal model
assumption the ROC curve can be described by two
parameters. Except for the pAUC, analytic expressions have
been routinely employed for expressing the indices
previously mentioned as a function of the binormal ROC
curve parameters. It is generally believed that the pAUC,
assuming a latent binormal model, cannot be expressed as an
analytic expression. For example, Pepe (8) states: “Unfortu-
nately, a simple analytic expression does not exist for the
pAUC summary measure. It must be calculated using numer-
ical integration or a rational polynomial approximation.” Sim-
ilarly, Zhou et al (9) state: “This partial area as it is known, is
(McClish, 1989).”
Although these methods can be programmed, having a simple

expression for the pAUC would be much more convenient.

evaluated by numerical integration

It is generally not known that Pan and Metz (10) provided
analytic expressions for the two forms of pAUC. However,
the expressions they provided were incorrect and they did
not provide proofs for their results. More importantly, it is
generally not known that Thompson and Zucchini (11) pro-
vided a correct analytic expression for one form of pAUC as
well as the proof. In fact, we only became aware of this latter
result during the final stage of submitting this article. The pur-
pose of this article is to bring to the attention of the reader the
result provided by Thompson and Zucchini, extend their
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result to the second form of pAUC, and illustrate use of both
pAUC expressions with a real data set that compares the rela-
tive performance of single spin-echo magnetic resonance
imaging (SE MRI) to cinematic presentation of MRI
(CINE MRI) for the detection of thoracic aortic dissection.
In addition, we provide proofs for both results that are more
accessible to radiology researchers and clinicians than the
proof given by Thomas and Zucchini.

MATERIALS AND METHODS
Two Different pAUCs

Let FPF and TPF denote false- and true-positive fractions for a
given classification threshold such that an image with a test
result equal or greater than the threshold is classified as dis-
eased, and otherwise nondiseased. That is, FPF is the probabil-
ity that a test result for a nondiseased subject exceeds the
threshold and TPF is the probability that a test result for a dis-
eased subject exceeds the threshold. The ROC curve is a plot
of TPF versus FPF for all possible thresholds. FPF and TPF are
the same as 1— specificity and sensitivity, respectively.

Two fundamentally different partial areas have been proposed
(11-13). One partial area corresponds to the area under a ROC
curve over an interval (FPF;<FPF,), which we denote by
pAUCpr(FPFy, FPF,). This pAUC is illustrated in Figure 1a
and 1b. Often this pAUC is normalized by dividing by
FPF,—FPF;, which allows it to be interpreted as the average
value of TPF over all values of FPF between FPF; and FPF,.
This partial area is typically useful when a clinical task demands
high specificity; for this situation, FPF; = 0, FPF, is small
(eg, 0.10, 0.20) and thus it is pAUCgpg(0, FPF,) that we are
interested in computing. Because pAUCpr(FPFy, FPF,) =
pAUC;pp (0, FPF,) — pAUCp (0, FPFy) for FPF; < FPF,
it suffices to provide a general formula only for
pAUCpe(0, FPF)). Walter (14) has discussed using this
pAUC with summary ROC curves.

The other pAUC corresponds to the area to the right of the
ROC curve in the interval (TPF; <TPF,), which we denote
by pAUCps(TPF;, TPF,). This pAUC is illustrated in
Figure 1c and 1d. Often this pAUC is normalized by dividing
by TPF, — TPF;, which allows it to be interpreted as the aver-
age value of 1 — FPF (ie, specificity) over all values of TPF
between TPF; and TPF,. This pAUC is typically useful
when a clinical demands high sensitivity: TPF; is large,
TPF, = 1, and thus it is pAUCpg (TPFy, 1) that we are inter-
ested in computing. Because pAUCypr(TPF;, TPF,) =
PAUC g (TPFy, 1) — pAUCpr(TPF,, 1) for TPF; <TPF,,
it suffices to provide a
pAUCpr(TPFy, 1).

general formula only for

Analytic Expressions for the pAUCs

In this section, we present analytic expressions for the two
forms of pAUC under the assumption of a latent binormal
model. These expressions are the primary contribution of
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this paper. Corresponding proofs are presented in the
Appendix.

Binormal model assumptions. Throughout this article, we
assume that the ROC curve is based on a latent binormal
model. The latent binormal model assumes that the latent
decision variable used to classify cases (or some unknown
strictly increasing transformation of it) arises from a pair of
normal densities corresponding to the nondiseased and dis-
eased case populations, having generally different means and
standard deviations. Because ROC curves are invariant under
strictly increasing transformations of the decision variable, we
can assume without loss of generality that the normal distribu-
tion for nondiseased cases has zero mean and unit standard
deviation, whereas that for diseased cases has mean u and
standard deviation ¢, where >0 and ¢>0. Thus letting X
and Y denote independent decision variables having the
same distributions as the decision variable distributions for
nondiseased and diseased cases, respectively, we are assuming
that X ~ N(0,1) and Y ~ N(u, ?).

Results for pAUC (0, FPFy). Let @(u) denote the standar-
dized normal distribution function; ie, ®(u) = Pr(U<u)
where U has a normal distribution with zero mean and unit
variance. Let Fyyn (2, #; p) denote the standardized bivariate
normal distribution function with correlation p; ie,
Fayn (2, #; p) = Pr(Z<z and U<u), where Z and U jointly
have a standardized bivariate normal distribution and
p = corr(Z, U). This function is available in many statistical
software programs, such as SAS, Stata, SPSS, and the freely
available R program.

Assuming the binormal model described in the Binormal
model assumptions section, pAUCgpr (0, FPFy) is given by

pAUC;, (0, FPF,)

_ u 1 L 5 (1
FBVN<7m,@ (FPF,); l/\/l—i—a)

In terms of the binormal parameters a = u/o and b = 1/0,
we can write Equation 1 in the form

pAUC (0, FPF,)
a _ =) @
= FBVN <\/H,—b2’ (0] 1(FPF0), —b/ 1+ b2>

Equation 2 is also given by Thompson and Zucchini (11).

Results for pAUC pr(TPFy, 1). Assuming the binormal
model described in the Binormal model assumptions section,
pAUC1pr(TPF, 1) is given by

pAUC ¢ (TPF, 1)

_ 4 S i) O
FBVN(m’¢ (1 TPF()), 0'/ 1+0')

In terms of the binormal parameters a = u/o and b = 1/0,
we can write Equation 3 in the form
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