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Abstract

We investigate the computing power of function algebras defined by means of unbounded recursion on
notation. We introduce two function algebras which contain respectively the regressive logspace computable
functions and the non-size-increasing logspace computable functions. However, such algebras are unlikely
to be contained in the set of logspace computable functions because this is equivalent to L = P. Finally,
we introduce a function algebra based on simultaneous recursion on notation for the non-size-increasing
functions computable in polynomial time and linear space.
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1 Introduction

Since the introduction of the Grzegorczyk’s hierarchy, algebras of subrecursive func-
tions have been defined by means of bounded recursion schemes, and from the early
1990s also by means of predicative recursion schemes.

However, both bounded and predicative recursion do not correspond to pro-
gramming constructs of real-world programming languages, inhibiting the benefits
of a major integration of complexity theory and programming language theory [4,5].

Function algebras mostly characterize function complexity classes containing
polynomial growth functions, and either bounded recursion or predicative recursion
is needed to avoid functions with exponential growth. On the other hand, com-
putational complexity is mainly concerned with decision problems represented as
languages or more generally as relations over a suitable data type.

In [7], the relations on natural numbers decidable in linear space and the lan-
guages decidable in logarithmic space have been characterized by means of two
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function algebras containing very simple base functions and closed with respect to
substitution and unbounded simultaneous recursion.

One algebra contains a set of regressive functions computable in linear space;
the other contains a set of non-size-increasing functions computable in logarithmic
space.

However, they contain all the characteristic functions of the decision problems
solvable in linear and logarithmic space, respectively.

These results are instances of a general fact: if the base functions of a function
algebra do not increase too rapidly, unbounded recursion can be used to describe
interesting complexity classes. For example, both regressive and non-size-increasing
functions are closed with respect to substitution and recursion on notation.

In [2], Predecessor Machines (Register Machines without increment instructions)
have been introduced as a computation model for regressive functions. In particular,
it has been shown that the total functions computable by Predecessor Machines are
the regressive functions of Grzegorczyk’s class &;.

Type systems for the non-size-increasing polynomial time functions have been
extensively studied, see e.g. [3]. Such systems constitute an alternative to predica-
tive recursion which rules out not only recursive definitions leading to exponential
growth, but also natural algorithms computing non-size-increasing functions.

Therefore, it seems that regressive and non-size-increasing functions could play
a remarkable role in computational complexity.

Let R(F) be the set of number-theoretic functions defined as the closure with
respect to substitution and recursion on notation of a list F of basic functions, the
constant functions and the projection functions.

Algebra R(P) where P is the predecessor function, has been studied in [8,9] fol-
lowing [7]. Algebra R(P) is a set of regressive logspace computable functions which
contains all the sharply bounded logspace computable functions.® Moreover, R(P)
is the set of functions computable by Regressive Machines, which are a polynomial
time version of structured Predecessor Machines [2].

In this paper we study new function algebras which extend algebra R(P) in
order to shed some light on some open questions suggested in [9]. For instance,
we do not know whether R(P) equals the set of regressive logspace computable
functions.

In Section 3, we consider the algebra R(bsg,bs1) where s;(z) = 2z + ¢ and
bsi(x,y) = si(x) if s;(x) < y and bs;(z,y) = x otherwise. Algebra R(bsp, bs1)
contains the regressive logspace computable functions, but we give strong evidence
that R(bsg, bs1) is unlikely to be contained in the set FL of logspace computable
functions because R(bsg,bs1) C FL is equivalent to L = P. In the same way, we
show that if R(P) contained all the regressive logspace computable functions then
L = P would be true.

2 The values of a regressive function are bounded by the maximum of its arguments and a constant whereas
the size of the values of a non-size-increasing function is bounded by the maximum of the sizes of its
arguments and a constant.

3 A function is sharply bounded iff its values can be stored in logarithmic space.
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