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Abstract

We propose a new numerical abstract domain for static analysis by abstract interpretation, the domain of
Weighted Hexagons. It is capable of expressing interval constraints and relational invariants of the form
x ≤ a · y, where x and y are variables and a denotes a non-negative constant. This kind of domain is
useful in analysis of safety for array accesses when multiplication is used (e.g. in guarding formulæ or in
access expressions). We provide all standard abstract domain operations, including widening operator, as
well as a graph-based algorithm for checking satisfiability and computing normal form for elements of the
domain. All described operations are performed in O(n3) time. Expressiveness of this domain lies between
the Pentagons by Logozzo and Fähndrich and the Two Variables Per Inequality by Simon, King and Howe.
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1 Introduction

The concrete semantics of a program yields possibly infinite computations, hence an-
swering any non trivial questions may be infeasible. A simpler, yet not fully precise,
model can be employed to reason about program properties. Abstract Interpreta-
tion [6] is a widely used technique that simplifies the process of computation so that
its vital properties can be captured within finite resources (time, space etc.) of a
computing machine. This technique has been successfully applied in various fields,
including program verification [2], error discovery and debugging [3], specification
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Require: array input[1...m]
1: {input.len ≤ m}
2: output � array [1...2 * input.len]
3: {output.len ≤ 2 · input.len; . . . ; m ≤ 1

2 · output.len}
4: for i � 1 to m do
5: {i ≤ 1

2 · output.len; . . . }
6: output[2 * i - 1] � input[i]
7: output[2 * i] � input[i]
8: end for
9: return output

Fig. 1. A simple code fragment along with invariants that allow proving correctness of the array accesses
in lines 6 and 7.

generation or code optimisation during compilation, including program transforma-
tion [5].

The Abstract Interpretation Framework allows one to automatically infer invari-
ants that describe some properties of the analysed program. To apply this framework
we need to define an abstract domain — a representation of the invariants, and op-
erations on them (union, intersection, widening, satisfiability test, etc.) [8]. In this
paper, we present an abstract domain that can express relations between pairs of
numerical variables x, y of the form x ≤ a · y, where a is a non-negative constant,
as well as interval constraints x ∈ [b, c]. In a two-dimensional case such constraints
describe a polygon with at most 6 edges and angles determined by the coefficients
from the inequalities (Figure 2). This motivates the name Weighted Hexagons.

Example
Figure 1 presents a simple procedure that duplicates all entries of the given input

array. Static analysis using the domain of Weighted Hexagons can automatically
infer in line 5 an invariant i ≤ 1

2 · output.len.

1.1 Related Work

In the past, several numerical abstract domains were developed. The most basic one
is the Domain of Intervals [7] that represents invariants of the form x ∈ [a, b]. It is
efficient (linear time and memory), but does not handle relations between variables.
The domain of Convex Polyhedra [10] is very precise — it represents invariants of
the form α1v1 + α2v2 + . . . + αnvn ≤ c where v1, . . . , vn are program variables and
c, α1, . . . , αn are numerical constants. However the domain representation and op-
erations are inefficient (exponential in the number of variables), and so not practical
for many applications. The domain of Octagons [1,12] stores constraints ±x± y ≤ c

where x and y are program variables and c is a constant. All domain operations
can be performed in O(n3) time using O(n2) of memory, where n denotes the num-
ber of variables. Using the domain of Pentagons [11] one can represent numerical
intervals together with symbolic inequalities between variables of the form x < y.
The complexity of domain operations is O(n2), but the authors do not present a
satisfiability test (if a domain element describes a system of constraints with empty
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