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Abstract

We consider the problem of designing a general additive neural network which possesses prescribed equilibria. The relation
between this design problem and a problem of generating a matrix with specified eiegenvalues, which maps a given set of vectors
of another given set, is investigated. The obtained inverse eigenvalue problem is then solved using a gradient flow approach.
Working with discretisation of systems of differential equations allows to preserve the original dimension of the problem and
could give the possibility of constructing adaptive schemes faster than algebraic one.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction the specific design problem. The equivalence between
the design problem and the inverse eigenvalue one has
Designing an artificial neural network is a key is- been shown if5]. In that paper, some results on the
sue in different applications areas, such as for in- existence of solutions have been proved and a sta-
stance, pattern classification, function approximation, ble algorithm based on pole assignment techniques
optimization and control problenjg]. There are two in control theory has been proposed to compute the
fundamental tasks for network designers: to locate the solution.

equilibria and analyze their stability for an existing Here, we seek to replace algebraic methods of com-
network and to construct a network which possesses puting by geometric ones, i.e. via the analysis of a cer-
a prescribed point as stable equilibrium (4é¢5]). tain system of differential equations whose solutions

Here, this latter question is tackled using a differen- solve our problem. Working with ordinary differen-
tial approach. In particular, the relation between the tial systems derived from the minimization problem
design problem an inverse eigenvalue problem in lin- of a well design cost function allows us to preserve
ear algebra is used to construct a cost function and tothe original dimension of the problem (which would
derive a gradient flow whose limiting solutions solve be increased if an optimization tool would be applied
directly to the minimization problem) and furthermore,

T E-mail address: delbuono@dm.uniba.it permits the use of new algorithms and the possibility
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of constructing adaptive schemes faster then existing Moreover, since we require thats an asymptotically

algebraic approach¢s,3].
This paper is organized as follows. In the next sec-
tion, the design problem of an additive neural network

which possesses prescribed equilibria is presented.
Starting from the set of ordinary differential equations where G = diag(g (), . .

stable solution, then the eigenvalues of the Jacobian

matrix of the system at:™
J=—A+ WG, (3)

., g&,(®)), should belong to

describing the network, we show how to reformulate the left half complex plane.

this design problem as a matrix inverse eigenvalue
problem. In Sectio, we recall some known concepts

Taking in mind these conditions, the design problem
can be transformed into an equivalent inverse eigen-

and results on a more general inverse eigenvalue prob-value problem (IEP) in the following way.

lem and then we propose the cost function to be mini-
mized. In Sectiod, we derive the gradient flow system
and we prove that its solutions solve the specific task.
Finally, in the last section we report some numerical
test showing the behavior of our approach.

2. The design problem and the matrix inverse
eigenvalue problem

An additive neural network can be modeled by the
following set of ordinary differential equation4]:

u=—Au+ Wg(u) + p, Q)
whereu = [u1, us, ..., u,]"is the state vector whose
components are then neurons of the neural
network, A is a diagonal real matrix,g(u) =
[g1(u1), ..., gn(un)]T, where thegi :R —> R, i=
1,...,n, are the nonlinear squashing functions which
are strictly increasing and approaching fixed limits
for large negative and positive values of, W =
w;jis an n x nreal matrix whose elements are the
weights connecting thé&h and thejth neurons and
p =I[p1. ..., p]Tis the external input vector.

A particular task for neural network designer is to
project a network that possesses a given equilibrium,
that is how to find the weight matri¥/ such as the
system(1) has a prescribed stable equilibrium ~—

This design problem (DP) can be formulated math-
ematically as follows: given a diagonal matrik €
R™ " an activation functiorg : R” — R”", and two
vectors p, u € R", find the configuration of the net-
work, i.e. the weight matri, such that the network
hasuas an asymptotic stable equilibrium point.

Imposing that(1) hasuas equilibrium point, then
the weight matri¥¥ must satisfy the following equality
constraint

— Au+ Wg(u)+ p=0. @)

BeingA andG diagonal matrices, fror(8) we can
easily rewrite the weight matri¥’ as

W=(J+A4)G L (4)
Then, substituting4) in (2), we get
—Au+(J+AG gu)+p=0. (5)

Now, let £ = {A1, ..., A,}be an arbitrary set of com-
plex numbers closed under complex conjugation (i.e.
A€ L & re L), and x, ydenote the vectorse =
G lg(w)andy = Au — AG~1g(u) — p, hence the de-
sign problem of a neural network can be reformulated
as an inverse eigenvalue problem (IEP) in the fol-
lowing way: given two vectors, y € R"and chosen
the setfso that each element has negative real part,
find a matrixJ such that/x = yanda(J) = L, where
o(J)denotes the spectrum of the matyix

Hence, once solved the IEP associated to the DP,
the required weight matriW can be calculated through

4.

3. A general matrix eigenvalue problem

The inverse eigenvalue problem associated to the
design question is the prototype of the following more
general matrix inverse eigenvalue problem (MIEP):
given two matricex, Y € R"*?, with p < nand anar-
bitrary setZof complex number closed under complex
conjugation, find a x nmatrixJ such thatVXx = Yand
o(J)=L.

The first question arising when one considers an
inverse eigenvalue problem is about its solvability. The
following result, proved iffi6], answers to this question
for the general MIEP stated above.

Theorem 1. Suppose that rank ([X]) = p. Then the
MIEP is solvable for any Lif the matrix Y — sXis a full
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