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Abstract

The counting constraint satisfaction problem (#CSP) can be expressed as follows: given a set of variables,
a set of values that can be taken by the variables, and a set of constraints specifying some restrictions on the
values that can be taken simultaneously by some variables, determine the number of assignments of values
to variables that satisfy all the constraints. The #CSP provides a general framework for numerous count-
ing combinatorial problems including counting satisfying assignments to a propositional formula, counting
graph homomorphisms, graph reliability and many others. This problem can be parametrized by the set of
relations that may appear in a constraint. In this paper we start a systematic study of subclasses of the #CSP
restricted in this way. The ultimate goal of this investigation is to distinguish those restricted subclasses of the
#CSP which are solvable in polynomial time from those which are not. We show that the complexity of any
restricted #CSP class on a finite domain can be deduced from the properties of polymorphisms of the allowed
constraints, similar to that for the decision constraint satisfaction problem. Then we prove that if a subclass
of the #CSP is solvable in polynomial time, then constraints allowed by the class satisfy some very restric-
tive condition: they need to have a Mal’tsev polymorphism, that is a ternary operation m(x, y , z) such that
m(x, y , y) = m(y , y , x) = x. This condition uniformly explains many existing complexity results for particular
cases of the #CSP, including the dichotomy results for the problem of counting graph homomorphisms, and
it allows us to obtain new results.
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1. Introduction

In a counting combinatorial problem the objective is to find the number of feasible solutions to
a certain search problem. Similar to its decision counterpart, the Counting Constraint Satisfaction
Problem (#CSP) can be used to provide a generic framework for numerous counting combinato-
rial problems that arise frequently in a wide range of areas from logic, graph theory, and artificial
intelligence [4,13,21,26,33,41,45,51,52,55,56], to statistical physics [3,11,39].

The prototypical counting problem, #SAT, i.e., the problem of counting the number of assign-
ments that satisfy a CNF formula, constitutes an important particular case of the #CSP. Since the
pionnering papers of Valiant [55,56] the computational complexity of counting satisfying assign-
ments to propositional formulas of various types [13,41,51,52,55,56] has been intensively investigated.
In particular, it has been found that #SAT is much more computationally demanding than its deci-
sion counterpart SAT, and is #P-complete even for Horn or monotone formulas, and even when the
size of clauses and the number of occurrences of a variable in the formula are extremely limited. In
[13], Creignou and Hermann obtained a dichotomy theorem for #SAT, similar to that of Schaefer
[53] for (decision) SAT.

The formalism of constraint networks introduced by Montanari [43] provides a natural gener-
alization of propositional formulas to domains with more than 2 elements. A constraint network
is given by a collection of variables, a domain, and a family of constraints where a constraint is a
pair given by a list of variables, called the scope, and a relation indicating the valid combinations of
values for the variables in the scope. The problem of deciding whether there exists a solution to a con-
straint network, i.e., an assignment of values to variables satisfying all the constraints, is known as the
constraint satisfaction problem (CSP). This problem received considerable attention in theoretical
computer science and it also constitutes one of the major lines of research in artificial intelligence.

The class of counting constraint satisfaction problems is defined as the counting version of the
CSP, i.e., the problem of finding the number of solutions to a constraint network. This problem can
also be reformulated as (1) the problem of finding the number of models of a conjunctive formula, as
(2) the problem of counting the number of homomorphisms between two finite relational structures
A and B , and also as (3) the problem of computing the size (number of tuples) of the evaluation
Q(D) of a conjuntive query (without projection) Q on a database D; see [24,37].

Further examples of combinatorial problems expressible in a natural way in #CSP terms in-
clude problems from propositional logic [13,52], classical combinatorial problems such as #Clique,
Graph Reliability, Antichain, Permanent [41,51,55,56], counting graph homomorphisms, and
many others [4,21,26,33].

A particular case of the counting graph homomorphisms problem, the class of #H -Coloring
problems, attracts a special attention. In a #H -Coloring problem the goal is to count the number
of homomorphisms from a graph G (the input) to a fixed graph H . Recently, Dyer and Greenhill
[21] proved that, for every undirected graph H , its associated #H -Coloring problem is either in FP
or #P-complete (even when restricted to graphs of bounded degree) and they have also provided a
complete characterization of the tractable problems. This result has been extended to the counting
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