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1. Introduction

The n-dimensional hypercube, denoted by Q,, is one of
the most versatile, efficient interconnection network [1,6].
One of the hypercube’s variations is the folded hypercube
[4], denoted by FQ,,, which is constructed by adding a link
to every pair of nodes that have complementary addresses.

An embedding of one guest graph G into another host
graph H is a one-to-one mapping f from the node set of
G to the node set of H [6]. The distance between any two
vertices, u and v, of G, denoted by d¢(x, y), is the length
of the shortest path between u and v. Let F, (respectively,
FF¢) be the set of faulty edges in Q, (respectively, FQ,).
Under the conditional fault model, i.e., each vertex is inci-
dent to at least two fault-free edges, Tsai et al. [9] showed
that each edge of Q, — F. lies on a fault-free cycle of every
even length from 6 to 2" for n > 3, where |F,| <2n—>5. Let
F be a set of 2n —5 faulty edges in Q, (n > 3). Kueng et al.
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[5] proved that a conditionally faulty Q, with |F|=2n—5
faulty edges contains a fault-free path of length ¢ between
any two nodes u and v of distance d* =dq,—r(u,v) > 2
for each ¢ satisfying d* <¢ <2"—1 and 2| (¢ —d*). Given
a faulty FQ,, with |FF,| <n — 1 faulty edges, Xu et al. [10]
proved that every fault-free edge lies on a fault-free cy-
cle of every even length from 4 to 2". As to embedding
odd cycles in folded hypercubes with |FFe| <2n — 5 faulty
edges under conditional fault model can be found in [3]. In
this paper, we consider the FQ, (n > 3) with |FF,| <2n—4
faulty edges under the conditional fault model and prove
that every fault-free edge lies on a fault-free cycle of ev-
ery even length from 6 to 2". As to embedding even cycles
in FQy, our result improves the result by Xu et al. [10] in
terms of the number of fault-tolerant edges.

2. Definitions and terminology

Let networks discussed in this paper be represented
by simple undirected graphs. For graph-theoretical ter-
minology and notation not defined here, we follow [2].
A path P = (vg, V1, -+, V) is a sequence of distinct ver-
tices in which any two consecutive vertices are adjacent.
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Fig. 1. FQ, and FQs, in which the dashed lines represent the complemen-
tary edges.

P is also denoted by P = (vg,---, Vi, P[vi, V1, Vj, -+, Va),
where P[vi, vj] = (vi, Vig1, -, Vj_1, vj) if it exists. Two
paths Py and P, are vertex-disjoint if and only if V(P1) N
V(Py) =@. A cycle is a path with at least three vertices,
where the two end-vertices are adjacent. The length of a
path P (respectively, cycle C), denoted by £(P) (respec-
tively, £(C)), is the number of the edges in P (respec-
tively, C). For a graph G, G is edge-bipancyclic if each edge
lies on a cycle of every even length from 4 to |V(G)|. An
isomorphism from a graph G to a graph H is a bijection
7 :V(G) - V(H) such that (u,v) € E(G) if and only if
(m(u), t(v)) € E(H). G is called isomorphism to H, de-
noted by G = H. An automorphism of G is an isomorphism
from G to G. A graph G is edge-transitive if for any two
edges e; and ey in E(G), there exists an automorphism
that maps e to e;.

An n-dimensional hypercube Q, is represented by
Qn = (V(Qn), E(Qn)), where V(Qn) = {uptn—1...u1 |U; €
{0,1} fori=1,2,---,n}. (u,v) € E(Qpn) if and only if u
and v differ in exactly one bit of their labels. Let E; =
{(UpUn—1 .. Ugk10Ug_1 ... U1, UpUp—1 .. Ugp1 U1 ... U7) |
uj €{0,1} for 1 <i <n and i #k}. An edge in Ej is called
along dimension k. Q, can be partitioned along dimension k
(1 <k <n) into two subcubes Qﬁf and Q where

n— 1v
Qr’,{fl is induced by the vertex set {upup_1...Ux+10Uk_1

..u1|u;j€{0,1} for 1 <i<n and i #k} and Q,’ffl is in-
duced by the vertex set {upup—1...Ugpqltg—1...U1 | U;j €
{0, 1} for 1<i<nandi#k}. The edges between Q’<0

and Q 1 are called crossing edges.

An n-dimensional folded hypercube FQ,, is constructed
from Q, by adding an edge, called complementary edge, be-
tween every two vertices with complementary addresses
(i.e., vertex X = XpXp_1...X1 and vertex X = XpXp_1...X1).
FQ, and FQ3 are shown in Fig. 1. We use E,; to denote
the set of all complementary edges, then FQ,, can be rep-
resented by FQ, = Qn U Eg4. It has been shown that FQ,
is (n + 1)-regular, (n + 1)-connected, vertex-transitive and
edge-transitive [10].

3. Main results

In this section, we will prove our main result. Firstly,
we need the following lemmas.

Lemma 1. (See [10].) FQ, — E; = Q, for each i € {1,2,---,
n,a}.

By Lemma 1, FQ, — E; = Q, and Q, can be partltloned
along dimension k into two subcubes an and an (ab-
breviated as Q,?_1 and Q,}_] if k is specified). The ver-
tex with labels Ou,_q...u7 (respectively, 1up_1...uq) of
FQ, in Q,?_l (respectively, Q,}_1) is denoted by Ou (re-
spectively, 1u), i.e., Ou = Oup_1...uq (respectively, 1u =
1up—q...uq1). The crossing edge containing Ou is denoted
by (Ou,1u) and the complementary edge containing Ou
is denoted by (Ou, 1u), where 1u = 1uy—q...uq and 1u =
Tup—1...U7.

Lemma 2. (See [10].) Let F, be a set of n — 2 faulty edges in
Qp (n > 2). Suppose that u and v are any two different vertices
of Qn — Fe. Then Qp — F. contains a path of length £ between
u and v for every £ satisfying dg,—r, (u,v) <£ <2" —1 and
2| (¢ —dq,—F. (U, v)).

Lemma 3. (See [7].) If n > 2, then every edge of Q, lies on a
cycle of every even length from 4 to 2".

Lemma 4. (See [8].) Assume that n > 2. Let X and Y be any
two partite sets of Q. In addition, x and u are any two distinct
vertices of X; and y and v are any two distinct vertices of Y.
Then there exist two vertex-disjoint paths P1 and P such that:
(1) P1 connects u to v, (2) P, connects x to y, and (3) V(P1) U
V(P2) =V (Qn).

Lemma 5. (See [9].) Every fault-free edge in Q, — Fe lies on
a fault-free cycle of every even length from 6 to 2" under the
condition that |F.| < 2n — 5 and each vertex is incident to at
least two fault-free edges, where n > 3.

We present our main result as follows.

Theorem 1. Let FF, be the set of faulty edges in FQ, forn > 5.
Assume that |FFe| < 2n — 4 and each vertex in FQ,, is incident
to at least two fault-free edges, then every edge of FQ,, — FF, lies
on a fault-free cycle of every even length from 6 to 2".

Proof. Since each vertex in FQ,, is incident to at least two
fault-free edges. If |FF.| <2n — 5, then let k= (2n — 4) —
|FFe|. Let Mq ={eq,e2,...,ex} and My = {e}, e}, ..., e} be
two sets of fault-free edges such that each vertex in FQ, —
FF, — M (respectively, FQ,, — FF, — M>) is incident to at
least two fault-free edges, where M1 N M, =@ and FQ,, —
FFe = (FQy — FFe —M1) U (FQ; — FFe — M3). (Since |E(FQp)| =
2" 1(n 4+ 1) > 2(2n — 4) > 2k, M; and M, indeed exist.)
Let FF, = FF, U M; for i =1,2. Then |FF.| = 2n — 4. Hence,
if |FFe| <2n — 5, by taking the edges in M; (i=1,2) as
fault-free edges temporarily, we need to prove that each
edge in FQ, — FFé lies on a fault-free cycle of every even
length from 6 to 2", where |FFé| =2n—4.If |FF,| =2n—4,
we need to prove that each edge in FQ, — FF, lies on a
fault-free cycle of every even length from 6 to 2". By the
same number of faulty edges in FF; (when |FFe| <2n —15)
as that in FF, (when |FF.| =2n — 4), in the following, we
only need to consider |FF,| =2n — 4.

Consider any fault-free edge e in FQ,. From E(FQ,) =

1Ei U Eq, we can see that there exists an i € {1,2,.

n, a} such that e € E;. Since FQ,, is edge-transitive, we may
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