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We study Locally Testable Codes (LTCs) that can be tested by making two queries to the 
tested word using an affine test. That is, we consider LTCs over a finite field F, with 
codeword testers that only use tests of the form avi + bv j = c, where v is the tested 
word and a, b, c ∈ F.
We show that such LTCs, with high minimal distance, must be of constant size. Specifically, 
we show that every 2-query LTC with affine tests over F, that has minimal distance at 
least 9

10 , completeness at least 1 − ε, and soundness at most 1 − 3ε, is of size at most |F|.
Our main motivation in studying LTCs with affine tests is the Unique Games Conjecture
(UGC), and the close connection between LTCs and PCPs. We mention that all known PCP 
constructions use LTCs with corresponding properties as building blocks, and that many 
of the LTCs used in PCP constructions are affine. Furthermore, the UGC was shown to be 
equivalent to the UGC with affine tests [13], thus the UGC implies the existence of a low-
error 2-query PCP with affine tests. We note, however, that our result has no implication 
on the correctness of the UGC.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

1.1. Locally Testable Codes

Locally Testable Codes (LTCs) are error correcting codes 
for which the proximity of a given word to a codeword 
can be probabilistically tested with good confidence. The 
test should be done by an efficient procedure (a “tester”) 
that only reads a constant number of locations in the given 
word. We say that a tester has completeness 1 − ε , if it 
accepts every codeword with probability at least 1 −ε . The 
tester has soundness s, if it accepts any word that is “far” 
from every codeword with probability at most s.

We mention that one of the main motivations in study-
ing LTCs is their central role in PCP constructions.
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1.1.1. Unique Locally Testable Codes
In [16] we study the Unique Games Conjecture by ex-

amining LTCs with testers that only read two locations in 
the tested word, and only use unique tests. That is, given 
the value read from the first queried location, there is a 
unique value for the second location that makes the tester 
accept, and vice versa.

In other words, if T is a tester for an LTC C ⊆ �n , we 
require that for every pair of coordinates (i, j) ∈ [n]2 that 
may be queried by T there exists a permutation πi j over �

for which the following holds. If v ∈ �n is the tested word, 
then after querying vi and v j , T accepts if and only if v j =
πi j (vi).

1.1.2. Affine Locally Testable Codes
In this work we consider the special case of LTCs with 

unique tests, where the tests are also affine. That is, we 
assume that the alphabet set is a finite field � = F, and 
require every permutation πi j to be of the form πi j (x) =
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ax + b, where a, b ∈ F. In other words, the tests carried out 
by the testers are of the form avi + bv j = c, where v ∈ F

n

is the tested word, i, j ∈ [n], and a, b, c ∈ F.
We next give the formal definition of an affine LTC. We 

use the following notations. For a natural number t ∈ N, 
denote [t] = {1, . . . , t}. Let F be a finite field, and let n ∈ N

be a natural number. The distance between two words 
u, w ∈ F

n is defined as � (u, w) = 1
n |{i ∈ [n] | ui �= wi}|. 

A subset C ⊆ F
n is called a code. The relative distance of 

the code C is minu �=w∈C {�(u, w)}, and the distance of a 
word v ∈ F

n from the code C is � (v, C) = minu∈C {�(v, u)}. 
Let AF be the set of all affine functions over F, AF =
{ f : F→ F | f (x) = ax + b, a,b ∈ F, a �= 0}.

Definition 1 (Affine local tester, affine LTC). Let F be a fi-
nite field, n ∈ N be a natural number, and C ⊆ F

n be a 
code. Let ε, s ∈ [0,1) be real numbers. Assume that T is a 
probabilistic, non-adaptive, oracle machine with access to 
a string v ∈ F

n . In addition, assume that T makes at most 
two queries to v , and outputs either accept or reject. 
Then, T is an (ε, s)-affine local tester for C if it satisfies the 
following conditions:

– Affineness: For every pair of coordinates (i, j) ∈ [n]2

that may be queried by T in a single execution, there 
exists an affine function f i j ∈ AF such that the fol-
lowing holds. After querying vi and v j , T outputs 
accept if and only if v j = f i j (vi).
In addition, if T makes a single query to coordinate 
i ∈ [n], then there exists a ∈ F such that the follow-
ing holds. After querying vi , T outputs accept if and 
only if vi = a.

– Completeness: If v ∈ C , then Pr [T v = accept] ≥
1 − ε .

– Soundness: If � (v, C)≥ 1
5 , then Pr [T v =accept]< s. 

In other words, if Pr [T v = accept] ≥ s, then there 
exists a codeword u such that � (v, u) < 1

5 .

A code C is an (α, ε, s)-affine LTC if it has relative distance 
at least 1 − α, and has an (ε, s)-affine local tester.

1.2. Motivation

1.2.1. The PCP Theorem and the Unique Games Conjecture
The celebrated PCP Theorem, discovered in 1992 [3,9,

2,1], states that any NP membership statement (e.g., ϕ ∈
S AT ) has a proof that can be probabilistically checked with 
good confidence. The check can be performed by an ef-
ficient procedure (a “verifier”) that only reads a constant
number of locations in the proof.

The PCP Theorem was a major turning point in the re-
search of hardness of approximation. However, for some 
fundamental problems, optimal inapproximability results 
are still not known. To cope with such problems, a 
strengthening of the PCP Theorem, called the Unique 
Games Conjecture (UGC), was introduced by Subhash Khot 
in 2002 [12]. The conjecture, or variants of it, was shown 
to imply many improved inapproximability results [12,15,
17,7,8,13,14,18].

The UGC considers a special type of PCP verifiers: veri-
fiers that read at most two locations in the proof, and only 

make unique tests. The conjecture predicts the existence 
of such a verifier, that errs (rejects a correct proof or ac-
cepts a false statement) with arbitrarily small probability. 
We mention that the UGC with affine tests is equivalent to 
the UGC [13].

1.2.2. The relations between PCPs and LTCs
As mentioned above, LTCs and PCPs are closely related. 

All known PCP constructions use LTCs as building blocks. 
For example, variants of Reed–Muller, Hadamard, and the 
Long Code are codes that have been extensively used in 
PCP constructions. Furthermore, to obtain PCPs with cer-
tain properties, one usually uses LTCs with corresponding 
properties.

In the opposite direction, some PCP constructions were 
shown to imply LTCs [10]. Moreover, the existence of a 
special type of PCP, called PCP of Proximity (PCPP), is known 
to imply LTCs [4]. For further discussion of the relations 
between PCPs and LTCs, see [10].

In light of the strong connection between PCPs and 
LTCs, in [16] we study LTCs analogues to the UGC. Specif-
ically, we consider LTCs with testers that only use unique 
tests. Roughly speaking, we show that such LTCs with low 
error are of constant size.

In this work we consider the special case of LTCs with 
unique tests, where the tests are also affine. Roughly speak-
ing, we show that such LTCs are of constant size, even if 
the error is a large constant. As mentioned above, the spe-
cial case of UGC with affine tests was shown to be equiva-
lent to the UGC [13]. In addition, many of the LTCs used in 
PCP constructions are affine, e.g., variants of Reed–Muller, 
Hadamard, and the Long Code.

1.3. Our result

The main result of this paper is the following Theo-
rem 2. The theorem states that every affine LTC with min-
imal distance at least 9

10 , completeness at least 1 − ε , and 
soundness at most 1 − 3ε , is of size at most |F|.

Theorem 2 (Main). Let ε ∈ [
0, 13

)
be a real number, F be a finite 

field, and n ∈ N be a natural number. Then, every 
( 1

10 , ε, 1 −
3ε

)
-affine locally testable code C ⊆ F

n satisfies |C | ≤ |F|.

Remark 1. The upper bound on the size of the code sug-
gested by the theorem is tight: Let F be a finite field, 
and n ∈ N be a natural number. Consider the code C ={

an
}

a∈F ⊆ F
n , and the following affine local tester for C : 

Randomly select (i, j) ∈ [n]2, and test vi = v j . The code has 
minimal distance 1, completeness 1, and constant sound-
ness s < 1, and |C | = |F |.

1.4. Previous works

Unique Locally Testable Codes In [16] we consider LTCs with 
properties similar to the ones required from a PCP by the 
UGC. Specifically, we study LTCs with arbitrarily small con-
stant error (soundness close to 0), that only make unique 
tests. We show that such LTCs must be of constant size 
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