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This paper studies the online inventory replenishment scheduling problem, in which orders
from retailers arrive and depart at arbitrary times at one supplier and each order needs to
be replenished at least once every constant periods. The supplier needs to assign each
order to some vehicle such that the maximum number of vehicles ever used over all time
is minimized, while each vehicle can replenish only one order per period. We present

a Combined First Fit algorithm and improve the upper bound of the competitive ratio for
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this problem to be 3.0913 from 5. When offline algorithm is unrestricted, the Combined
First Fit algorithm is proved to be 6.1826-competitive.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

We consider a two-stage supply chain system in which
one supplier supplies an item to several retailers. Suppose
retailer i has capacity q; and a deterministic demand D;
per period. It is assumed that shortages are not allowed
at each retailer. Thus retailer i should be replenished at
least once per r; = Lg—"ij > 1 periods. We call r; as the re-
plenishment interval of retailer i. Of course it is allowed to
replenish retailer i once less than r; periods. The supplier
controls a fleet of vehicles with the same capacity g which
is large enough for any replenishment, and each vehicle
can replenish only one retailer per period. Order w; from
any retailer arrives and departs at arbitrary times, which
corresponds to a triple (a;, d;, ;) and q; is the arrival time,
d; is the departure time. We assume that r; > 1 for all i,
and a; <ay < --- < ay. The supplier needs to assign each
order to some vehicle which is to be decided. Migration is
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not allowed, in the sense that once an order is assigned to
a vehicle, it cannot be re-assigned to another vehicle. The
objective is to minimize the maximum number of vehicles
ever used over all time.

This research can be applied in the replenishment of
some seasonal goods (such as fruit, ice-cream and so on)
to convenience stores (like 7-Eleven), or the replenishment
of barreled drinking water to houses. Another application
can be found in push-based broadcasting systems, as it’s
mentioned in Chan and Wong's research [1].

There are two versions of this problem: online and of-
fline inventory replenishment scheduling problems. In the
online version, orders arrive over time, i.e., after the sup-
plier has scheduled all the orders given so far, the infor-
mation of the next order is known. Note that the supplier
only knows r; at the arrival a;, but knows d; immediately
after the last replenishment for this order. In the offline
version, the whole information about wj, i.e., all the val-
ues of aj, dj, r; are known before scheduling.

Given an input sequence W = (w1, wa, ..., wy) and an
online algorithm A, let A(W,t) denote the number of ve-
hicles used at time t, and A(W) = maxogr<a, AW, 1) is
the maximum number of vehicles ever used over all time.
Let OPT(W) denote the maximum number of vehicles ever
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Table 1
Comparison of the results.

Chan et al’s [1,9]  Ours

Upper bound  min;r; > 1 5 3.0913
min;r; > 2 4 2.6
min;r; > 3 4 24
min;r; >k, k>4 242/(@*—-1) 4ak/(3k — 4)
Lower bound 2.428

a* is the largest power of 2 smaller than or equal to k.

used by optimal offline algorithm. If there exist two con-
stants o and B such that A(W) < « - OPT(W) + B stands
for any input W, we call o as the competitive ratio and
algorithm A is w-competitive [2]. We use the competi-
tive ratio o to measure the performance of online algo-
rithm A. The smaller « is, the better online algorithm A
performs.

This study is motivated by the study of Li et al. [3] in
which the inventory replenishment scheduling problem to
minimize the number of vehicles was proposed and the
conditions of existing feasible scheduling of one vehicle
were studied. It's a complement to the study of inven-
tory routing problem (IRP) [4], and the efficiency of IRP
with direct delivery, in which one vehicle can replenish
only one retailer per period, was studied [5-7]. Some re-
searchers [1,8] studied the similar model, which was ap-
plied in the field of satellite communication and denoted
as windows scheduling. Besides, this problem is distin-
guished from the dynamic bin packing problem of unit
fractions items [9] by the difficulty of finding fit bin (or
vehicle) for a given item (or order).

Previous results. When the offline algorithm is re-
stricted to maintain the load of every vehicle (Zr,- 1/ri) to
be at most 1 at any time, Chan and Wong [1] gave a 5-
competitive online algorithm and showed that there was a
lower bound of 2 — ¢ for any € > 0 on the competitive ra-
tio of any online algorithm. Then Chan et al. [9] improved
the lower bound to be 2.428 in the study of the dynamic
bin packing problem with unit fraction items. The bounds
are shown in Table 1.

For given S = {rq,r2,...,1}, M <rp < --- <y, Li
et al. [3] proved that if there exists le-:l 217—11r1 <1,Sis
schedulable by one vehicle, i.e. we can use one vehicle
to replenish these n retailers, where n; is the number
of the elements whose values lay in [2/~'r{, 2/r;) and
k = [log, rn/r1]. Fishburn and Lagarias [10] studied a simi-
lar model as [3], and proved S is schedulable if the load of
one vehicle >7_; 1/r; <3/4 when r; >3 and if the load
of one vehicle Y1 ; 1/r; <5/6 when ry = 2.

Our contribution. When the offline algorithm is re-
stricted to maintain the load of every vehicle to be at most
1 at any time, we present a Combined First Fit algorithm
and prove its competitive ratio to be 3.0913 for the case
min; r; > 1, which improves the upper bound of this prob-
lem greatly. For the cases min;r; >k, k=2,3,..., the up-
per bounds can be improved correspondingly (see Table 1).
When offline algorithm is unrestricted, we analyze the
property of the maximum value of one vehicle’s load and
the Combined First Fit algorithm is 6.1826-competitive.

2. Combined First Fit algorithm

In this section, we present the Combined First Fit algo-
rithm to solve the online inventory replenishment schedul-
ing problem and get a new upper bound by competitive
analysis.

Combined First Fit algorithm (CFF). Assume orders
w1, Wa,..., wj_1 have been scheduled, and the occupied
vehicles are vq,vp,...,vj. Let §j = {rjl,rjz,...,rjnj},
rn<rjp <+ < Tjn; denote the set of replenishment in-
tervals of the orders which are replenished by vehicle v;
at time ¢ for any 1 < j < j*. Note that aj; <t < dj;. For
a new arrival order w;, we check whether the vehicles
fit for the new order starting from the lowest index. If r;
and Sj = {rj1,7j2,...,Tjn;} satisfy any one of the follow-
ing three conditions, vehicle v; is fit for order w;. Try to
put r; into set Sj, refresh S; = {rjt Ti2s oo s Tinjs Timp+m b
T STj2 < STjn; STjmj+1)-

(1) Let Sj1 ={rj1,....Tjm }» Tjmy <27j1 <Tjmy+15

2 )
Sj2 ={Tjmi+1, -+ Tjma s Timy < 2°Tj1 < Tjmys1s

k )

Sik =A{Tjmy_141s - Tjm > Timye < 2°7j1 < T jmy415
— Ir. . ) k+1,. .
Sitk+1) = {Tjmet15 - T+ ) Timj+1) <277 Tjs

nj+1)—myg
et < 1.
. nj+1 q
(2) There exist rj; =2,rj;€S; and ) ;7 7 S5/6.
nj+1 1

(3) There exists ) . — < 3/4.

i=1 Tji

There exists T o Tt

If vehicle v; is fit for order w;, assign vehicle v; to
replenish for w;. Otherwise, assign w; to a new vehicle
vj«41. If vehicle v; is fit for order w; due to condition (1),
schedule S; = {rin, Tj2s - Tinjs Timj+1) } by modifying the
values of all the elements in Sj;, 1 <h <k+1 into 2h*1r1.
and schedule the replenishment according to the modified
replenishment intervals one by one [3]. If vehicle v; is fit
for order w; due to condition (2) or (3), replenish order
wjp every rj periods, and schedule the replenishment of
the rest orders one by one as following: replenish wjp,
2<h<n;+1 every r;.h unoccupied periods (i.e. the pe-
riod at which vehicle v; hasn’'t been assigned to replenish
any order is called unoccupied period), where rg.h is the
minimum number of unoccupied periods every rj, peri-
ods [10].

Note. If vehicle v; is fit for order w;, we assume there
exists one scheduling for vehicle v; such that any shortage
won't occur in the process of scheduling transition, which
may be caused by the arrival of new order w;. Because
three conditions above correspond to different scheduling
algorithms, the scheduling for vehicle v; may be changed
from one to another due to the new order’s arrival. We
suppose that there exists one scheduling to smooth the
transition process. But a strict proof is needed for further
research.
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