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and Preparata (1981) [1] have presented a ®(nlogn) time and O (nlogn) space algorithm
for computing the non-trivial circuits of the union &/ = Ry U--- U Ry,. In this paper, we are
presenting a simple algorithm, which computes the non-trivial circuits of / in ®(nlogn)
time and ® (n) space.
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1. Introduction

Rectangles and orthogonal segments are the fundamen-
tal ingredients of a number of applications, some of which
have acquired extreme importance in the wake of current
technological breakthroughs. Suffice it to mention its rele-
vance to Very-Large-Scale-Integration (VLSI) [2-4], to geog-
raphy and related areas [5], to computer graphics and an-
imation (hidden-line problems, shadows, etc.) [6,7], and to
the organization of data in two-dimensional magnetic bub-
ble memories [8]. In [9-11], an interesting model, which
is based on the geometry of rectangles, has been devel-
oped, in order to control concurrent operations (access and
update) to a database by several users (this method is de-
scribed also in [12]). There is also considerable theoretical
interest in problems related to the one discussed in this
paper. Algorithms and data structures have been devised
for quite a number of related problems, such as testing a
set of rectangles for disjointness and reporting all inter-
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secting pairs of rectangles [13], determining the measure
of their union, i.e., the size of the covered area of the
plane [14] (this algorithm is described in [15]), answering
intersection queries (given a query rectangle, which rect-
angles of the set intersect it) [16], to name only a few. An-
other geometric problem in this class, which we consider
in this paper, is determination of the non-trivial circuits of
a union U of iso-oriented rectangles. This is the following
problem.

2. Computing the non-trivial circuits of a union &/

First of all, we need some notation. Let Rq,..., R, be
rectangles on the plane with sides parallel to the coordi-
nate axes, where E be the set of their segments (|E| = 4n)
and V the set of their vertices (|V| = 4n). We consider
each edge of E as being lined by two arcs with opposite di-
rections and lying on either side of the edge, as illustrated
in Fig. 1. This means that each rectangle R; is stored in
a cyclic doubly-linked list L(R;), which represents the two
orientations of R;: a clockwise orientation, when march-
ing along R; in the external region of R; (i.e.,, when using
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Fig. 1. The doubly-linked cyclic list L(R;) associated to a rectangle R;. Each
rectangle is supplied with four external and four internal arcs.

the pointers next of L(R;)), and a counterclockwise orienta-
tion, when marching along R; in the internal region of R;
(i.e., when using the pointers prev of L(R;)). Following the
above convention, we say that each rectangle R; is sup-
plied with four external and four internal arcs. The union
U =Ry U---UR, determines a subdivision of the plane
into regions. Each region is bounded from a directed circuit
(cycle) composed of (alternating) vertical and horizontal
(external and/or internal) arcs. An arc is called non-trivial if
it contains an endpoint of the segment to which it belongs.
A circuit is called non-trivial if it contains a non-trivial arc
(Fig. 2). A circuit is said to be contour circuit if it consists
of external arcs only. The set of all - trivial and non-trivial
- contour circuits is called the contour of U (Fig. 3). The
contour of I/ has 0(n?) arcs. In [17], Widmayer and Wood
have presented an optimal algorithm, which determines
the contour of a union &/ in O(nlogn + p) time and O (n)
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space, where p is the number of arcs in the contour. The
non-trivial contour is the collection of all non-trivial con-
tour circuits in U. The external contour of i/ is the bound-
ary between U/ and the unbounded region of the plane.
The external contour is the unique clockwise oriented non-
trivial circuit. Any other non-trivial circuit is counterclock-
wise oriented. It is straightforward to show that

External contour € Nontrivial contour
C Nontrivial circuits.

The number of arcs in the non-trivial circuits is O (n),
while the set of all circuits of & has O(n?) arcs, the
increase being due to trivial circuits [12]. Lipski and
Preparata [1] have presented a time-optimal algorithm
for computing the non-trivial circuits of a union U in
®(nlogn) time and O(nlogn) space. In this paper, we
will describe a simple algorithm, which determines the
non-trivial circuits, the non-trivial contour and the exter-
nal contour of &/ in ®(nlogn) time and ® (n) space.

2.1. The algorithm

Our algorithm is based on the following simple idea
proved in Theorem 1: “each (trivial or non-trivial) arc of
a non-trivial circuit C; is (horizontally or vertically) visible
from an endpoint p € V of a non-trivial arc of C;”":

Step 1: For each point p € V, we find at most four visi-
bility points (Fig. 4(a)): From p we trace two horizontal
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Fig. 2. (a) The set of all circuits and (b) the set of non-trivial circuits, for a union of rectangles.
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Fig. 3. (a) The contour, (b) the non-trivial contour and (c) the external contour of a union of rectangles.
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