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In this paper, we introduce a new class of quaternary cyclotomic sequence over F4 with
period 2pm . We prove that the constructed sequences possess high linear complexity.
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1. Introduction

The linear complexity of a sequence is defined as the
length of the shortest linear feedback shift register that
can generate the sequence. By the Berlekamp–Massey al-
gorithm [10], for a sequence with least period N , if its
linear complexity is larger than N

2 , then it is considered
good with respect to its linear complexity. Pseudo-random
sequences are required to have high linear complexity for
cryptographic applications [2,3,6].

Different classes of cyclotomic sequences have been re-
ported to possess good linear complexity. For the binary
cyclotomic sequence, readers may refer to [2–4,7,8,13,14]
and the references therein. Recently, a new class of almost
quaternary cyclotomic sequences with ideal autocorrela-
tion property was reported in [12]. However, compared to
the quaternary sequences over Z4, there are sporadic re-
sults on the quaternary sequences over F4. In [5], a class of
quaternary sequence of length 2p over F4 was defined and
showed to have good linear complexity. For the application
of quaternary sequences over F4, see [9], for instance.
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In this paper, we construct a new class of quaternary
sequences over F4 with length 2pm by using generalized
cyclotomic classes. The new constructed sequences are
proved to be balanced and possess high linear complexity.

2. Preliminaries

Let p be an odd prime and g be a primitive root of Z∗
p2 ,

where Z
∗
n denotes the set of all invertible elements of Zn .

Then it is known that g is also a primitive root of Z∗
pm for

m � 1 [1]. Since either g or g + pm is odd modulo 2pm

and both of them are primitive roots modulo pm , we as-
sume that g is an odd integer without loss of generality. It
is known that g is also a primitive root of Z∗

2pm [11]. Fur-
thermore, g is a common primitive root of Z

∗
p j and Z

∗
2p j

for all 1 � j � m.
Define

D(p j)
0 = 〈

g2〉 (
mod p j),

D(2p j)
0 = 〈

g2〉 (
mod 2p j),

D(p j)
1 = g D(p j)

0

(
mod p j),

D(2p j)
1 = g D(2p j)

0

(
mod 2p j),
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where D(n)
0 and D(n)

1 denote the generalized cyclotomic
classes of order two with respect to n [4]. It is well known
that

∣∣D(p j)

i

∣∣ = ∣∣D(2p j)

i

∣∣ = ϕ(p j)

2
, i ∈ {0,1},

where ϕ(·) is the Euler function. Obviously, for 1 � j � m,
we have

Z
∗
p j = D(p j)

0 ∪ D(p j)
1 , Z

∗
2p j = D(2p j)

0 ∪ D(2p j)
1 ,

and

Z2pm =
m⋃

j=1

pm− j(
Z

∗
2p j ∪ 2Z∗

p j

) ∪ {
0, pm}

,

=
m⋃

j=1

(
pm− j D(2p j)

0 ∪ pm− j D(2p j)
1 ∪ 2pm− j D(p j)

0

∪ 2pm− j D(p j)
1

) ∪ {
0, pm}

.

For abbreviation, we define

H (p j)

i = pm− j D(p j)

i and H (2p j)

i = pm− j D(2p j)

i ,

for i = 0,1. The partition of Z2pm described above can be
depicted as the following table intuitively.

H (2pm)
0 2H (pm)

0 · · · · · · H (2p)
0 2H (p)

0 0

H (2pm)
1 2H (pm)

1 · · · · · · H (2p)
1 2H (p)

1 pm

Let F4 = {0,1,α,α2} be a finite field of order 4, where
α satisfies α2 = 1 + α. By assigning the elements of F4 to
each generalized cyclotomic classes with respect to Z2pm ,
one obtains a quaternary sequence of length 2pm natu-
rally. However, in order to guarantee that the constructed
sequences have high linear complexity, one should do it
technically.

Let Ω be a set of four tuple over F4 such that the ele-
ments in each tuple are pairwise distinct. We call each four
tuple in Ω a defining vector. Assume I = (a,b, c,d) ∈ Ω , we
construct a quaternary sequence with the first 2pm terms
of sequence {st} defined as

st =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if t = 0;
e, if t = pm;
a, if t ∈ ⋃m

i=1 H (2pi)
0 ;

b, if t ∈ ⋃m
i=1 H (2pi)

1 ;
c, if t ∈ ⋃m

i=1 2H(pi)
0 ;

d, if t ∈ ⋃m
i=1 2H(pi)

1 ,

(1)

where e �= b + d ∈ F
∗
4 if p ≡ ±1 (mod 8) and e �= b + c ∈ F

∗
4

if p ≡ ±3 (mod 8).

Remark 1. A quaternary sequence {ai}N−1
i=0 over F4 is called

balanced if

max
i∈F4

∣∣{t | 0 � t � N − 1, at = i}∣∣
− min

i∈F4

∣∣{t | 0 � t � N − 1, at = i}∣∣ � 1.

The quaternary cyclotomic sequence defined in (1) is then
obviously balanced.

Remark 2. If p ≡ ±3 (mod 8), a class of quaternary se-
quence with length 2p was constructed in [5] and was
shown to have linear complexity 2p (Theorem 1 in [5]).
It can be regarded as a special case of our construction by
taking m = 1 and I = (0,1,α2,α). If p ≡ ±1 (mod 8), the
quaternary sequence constructed in [5], which has linear
complexity p + 1, is the same with our construction in (1)
by taking m = 1 and I = (0,1,α2,α) except when t = pm .
However, as we will show in the next section, even a little
modification of sequence S will result in a great improve-
ment with respect to the linear complexity.

3. Linear complexity of the constructed sequences

Let Fq be the finite field with q element. Let S = {si}
be an N-periodic sequence over Fq . The monic polynomial
f (x) = xL + aL−1xL−1 + · · · + a1x + a0 ∈ Fq[x] is called the
characteristic polynomial of S , if

sL+t + aL−1sL−1+t + · · · + a1st+1 + a0st = 0

holds for any t � 0. The characteristic polynomial m(x) ∈
Fq[x] with least degree is called the minimal polynomial
of S . For a binary sequence, its minimal polynomial ex-
ists uniquely [6]. Furthermore, deg(m(x)), denoted as L(S),
is called the linear complexity of S . The generating polyno-
mial of the sequence S is defined by

S(x) = s0 + s1x + · · · + sN−1xN−1 ∈ Fq[x].
It is well known that [2,6]

m(x) = xN − 1

gcd(xN − 1, S(x))
.

And the linear complexity of S is then given by

L(S) = N − deg
(
gcd

(
xN − 1, S(x)

))
. (2)

By definition, the generating polynomials of the se-
quences in (1) is

S(x) = expm + a
m∑

i=1

S(0)
i (x) + b

m∑
i=1

S(1)
i (x) + c

m∑
i=1

S(2)
i (x)

+ d
m∑

i=1

S(3)
i (x),

where

S(0)
i (x) =

∑
t∈H(2pi )

0

xt, S(1)
i (x) =

∑
t∈H(2pi )

1

xt,

S(2)
i (x) =

∑
t∈2H(pi )

0

xt, S(3)
i (x) =

∑
t∈2H(pi )

1

xt .

Let d be the order of 4 modulo pm , namely, d is the
least positive integer satisfying 4d ≡ 1 (mod pm). Assume
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