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A proper edge coloring of a graph G is called acyclic if there is no 2-colored cycle in G. The
acyclic chromatic index of G, denoted by x;(G), is the least number of colors in an acyclic
edge coloring of G. Let G be a planar graph with maximum degree A(G). In this paper, we
show that x/(G) < A(G) +4, if G contains no 4-cycle; x/(G) < A(G) +5, if G contains no
intersecting triangles; and y,(G) < A(G) + 6 if G contains no adjacent triangles.
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1. Introduction

In this paper, all graphs considered are finite, simple
and undirected. We use V(G), E(G), §(G) and A(G) to de-
note the vertex set, the edge set, the minimum degree and
the maximum degree of a graph G, respectively. For a ver-
tex v € V(G), let N(v) denote the set of vertices adjacent
to v and d¢(v) = [N(v)| (or d(v) for simple) denote the
degree of v. A d-, d*- or d—-vertex is a vertex of degree d,
at least d or at most d, respectively. The length or degree
of a face f, denoted by d(f), is the length of a boundary
walk around f. In particular, a cut-edge is counted twice.
A d-, d*- or d~-face or cycle is a face or cycle of length d,
at least d or at most d, respectively. As usual [k] stands for
the set {1,...,k}.

A proper edge k-coloring of a graph G is a mapping ¢
from E(G) to the color set [k] such that no pair of in-
cident edges are colored with the same color. A proper
edge coloring of a graph G is called acyclic if there is no
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2-colored cycle in G. In other words, the union of any two
color classes induces a subgraph of G which is a forest. The
acyclic chromatic index of G, denoted by x/(G), is the least
number of colors in an acyclic edge coloring of G.

Acyclic edge coloring has been widely studied over the
past twenty years. The first general linear upper bound
on x,(G) was found by Alon et al. [1] who proved that
X4(G) < 64A(G). This bound was improved to 16A(G) by
Molloy and Reed [15].

In 2001, Alon, Sudakov and Zaks [2] stated the Acyclic
Edge Coloring Conjecture, which says that x/(G) <
A(G) + 2 for every graph G. This conjecture was veri-
fied for some special classes of graphs, including non-
regular graphs with maximum degree at most four [5],
subcubic graphs [4,18], outerplanar graphs [13,17], series-
parallel graphs [12], grid like graphs [16], graphs with
large girth [2], and so on.

Fiedorowicz et al. [10] gave an upper bound of
2A(G) + 29 for planar graphs and of A(G) + 6 for triangle-
free planar graphs. Independently, Hou et al. [12] proved
that x/(G) < max{2A(G) — 2, A(G) + 22} for planar graphs
and x/(G) < A(G) + 2 for planar graphs with girth at
least 5, where the girth of a graph is the length of a short-
est cycle in it. For planar graphs with girth at least 5 and
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with maximum degree at least 10, x,(G) = A(G) [11,14].
For triangle-free planar graphs, Basavaraju and Chan-
dran [6] proved that x/(G) < A(G) + 3.

Borowiecki and Fiedorowicz [7] showed that y/(G) <
A(G)+15 for planar graphs without cycles of length 4. The
first result of this paper improves the bound to A(G) + 4.

Theorem 1. Let G be a planar graph without 4-cycles. Then
Xa(G) < A(G) + 4.

The following two results are for planar graphs without
close triangles. Two triangles are intersecting if they have
at least one vertex in common. Two triangles are adjacent
if they have at least one edge in common.

Theorem 2. Let G be a planar graph without intersecting trian-
gles. Then x/(G) < A(G) +5.

Theorem 3. Let G be a planar graph without adjacent triangles.
Then x,(G) < A(G) +6.

2. Critical graphs

Let ¢ : E(G) — [k] be an edge k-coloring of G. For a ver-
tex v € V(G) and an edge e incident with v, we say that
the color ¢ (e) appears on v. Let Cy(v) = {¢(uv) |u € N(v)}
and Sy (v) =[k] — C¢(v). An («, B)-path is a path consist-
ing of edges that are colored o and g alternately. A graph
G is called an acyclically edge k-critical graph if x;(G) >k
and every proper subgraph of G is acyclically edge k-col-
orable. In particular, such a graph has maximum degree at
most k.

Lemma 1. If G is an acyclically edge k-critical graph, then G is
2-connected.

Proof. By contradiction, let v be a cut vertex of G and let
Cq,...,C¢ (t > 2) be the connected components of G — v.
By the choice of G, for each 1 <i <, there is an acyclic
edge coloring ¢; of G; = C; U{v} with k colors. We can per-
mute the colors in each ¢; (if needed) such that the colors
appearing on the edges incident with v are all different.
Now the union of these colorings will be an acyclic edge
coloring of G. O

Lemma 2. Let G be an acyclically edge k-critical graph and v be
a d-vertex of G with neighbors xq, ..., Xq, then 2?21 d(x;) >
k+d.

Proof. Suppose to the contrary that Z?:] dxj) <k+d-—1.
Then the graph G’ = G — v admits an acyclic edge k-
coloring ¢ by the choice of G. Assume d(x1) > --- >
d(xq) > 2 by Lemma 1 and A; = U?:i Cp(xj) for i€
{1,...,d}. Then

d
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for i € {2,...,d}. We can choose a color o ¢ A; to color
vx; and a color «; ¢ A; and different from oy, ..., a1
to color vx; for i € {2,...,d}. This produces a proper edge
coloring of G. Now we show that there is no 2-colored cy-
cle. Cycles that do not contain v have edges of at least
three colors as the edge coloring of G’ was acyclic. Now
a cycle containing v must contain the edges vx;, vx;, say
i <j and an edge x;w with w e N(x;). By construction,
the colors on vx;, vxj, xjw are distinct. Thus the resulting
coloring is an acyclic edge k-coloring of G, which is a con-
tradiction. O

Corollary 4. Let G be an acyclically edge k-critical graph. If k >
2A(G) — 1, then G has no 2-vertices. If k < 2A(G) — 2, then
the neighbors of every 2-vertex of G have degree at least k —
A(G) +2.

Lemma 3. Let G be an acyclically edge k-critical graph with
k <2A(G) — 2 and v be a vertex of G adjacent to a 2-vertex
w. Then v is adjacent to at least k — A(G) + 1 vertices of degree
at least k — A(G) + 2.

Proof. Suppose to the contrary that v is adjacent to at
most k — A(G) vertices of degrees at least k — A(G) + 2. By
the choice of G, G —w admits an acyclic edge k-coloring ¢.
Let u be the other neighbor of w. Then [Sy(u)| =k —
(d(u) — 1) > k — A(G) + 1. Note that every color in Sy (u)
must appear on the vertex v, since otherwise, we can color
uw with a color @ € Sy (u) — C4(v) and choose a color
different from o and not appearing on v to color wv.
Since v is adjacent to at most k — A(G) vertices of degrees
at least k — A(G) + 2, there exists a (k — A(G) + 1)~ -
vertex in N(v), say x, such that ¢ (vx) € Sy(u). Then we
color wu with ¢ (vx) and color vw with a color neither in
Cy(v) nor in Cy(x), this is possible since |Cy(v) U Cy(x)| <
dv)—2+dx)<k—1. O

Lemma 4. Let G be an acyclically edge k-critical graph with
k > A(G) + 2 and v be a 3-vertex of G. Then the neighbors
of v have degree at least k — A(G) + 2.

Proof. Suppose to the contrary that v is adjacent to a
(k — A(G) + 1)~ -vertex x. Assume that N(v) = {x, y, z},
N(x) ={v,x1,..., X}, where t <k — A(G). The graph G’ =
G — vx admits an acyclic edge k-coloring ¢. We may as-
sume that ¢(xx;) =i for i e {1,...,t}. If i ¢ Cy(v) for
all i e {1,...,k — A(G)}, then we can color vx with a
color appearing neither on v nor on x. Otherwise, we
have {1,...,t} N Cy(v) # @. Without loss of generality, let
dp(vy)=1.

Casel. ¢ (vz) ¢ (1,...,t}.

Let ¢p(vz) =t +1 Then, for t +2 <i <k, there is a
(1, i)-path from v to x through y and xq, since otherwise,
we can color vx with i. This implies that t =k — A(G), and
Co(y) ={1,k — A(G) + 2, ..., k}. If there exists a color in
{k — A(G) +2,...,k}, say «, such that a € S4(2), then we
recolor vz with « and color vx with t + 1. Since there is
a (1, a)-path from v to x through y, there is no (1, w)-
path from v to z through y. This implies that the resulting
coloring is an acyclic edge coloring of G, a contradiction.
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