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Abstract

VERTEX COVERING BY PATHS ON TREES with applications in machine translation is the task to cover all vertices of a tree T =
(V, E) by choosing a minimum-weight subset of given paths in the tree. The problem is NP-hard and has recently been solved
by an exact algorithm running in 0(4€ - |V|?) time, where C denotes the maximum number of paths covering a tree vertex. We
improve this running time to OQ€ - C - |V]). On the route to this, we introduce the problem TREE-LIKE WEIGHTED HITTING
SET which might be of independent interest. In addition, for the unweighted case of VERTEX COVERING BY PATHS ON TREES,
we present an exact algorithm using a search tree of size 02k - k1), where k denotes the number of chosen covering paths. Finally,

we briefly discuss the existence of a size-O(k2) problem kernel.
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1. Introduction

The NP-hard VERTEX COVERING BY PATHS ON
TREES (VCPT) has been recently identified as an in-
teresting algorithmic problem with a direct application
in machine translation [4,5]:
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Input: A tree T = (V, E) and a set L of paths in T,
where each path is associated with a positive num-
ber as its weight.

Task: Find a minimum-weight subset L’ C L such that
every vertex of T is covered by at least one path
from L’.

Note that a path in L can uniquely be specified by its
two endpoints and hence can be represented by a vertex
pair. VCPT is closely related to connectivity augmen-
tation problems in graphs. For instance, the NP-hard
TREE AUGMENTATION problem asks for a minimum-
size set of additional edges whose insertion into a tree
makes it 2-edge-connected [1]. It is not hard to see
that the unit-weight case of VCPT generalizes TREE
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AUGMENTATION [5]. Indeed, one may interpret this un-
weighted VCPT as a “vertex version” of TREE AUG-
MENTATION, that is, whereas unweighted VCPT seeks
to cover all tree vertices by a minimum number of paths,
TREE AUGMENTATION seeks to cover all tree edges by
a minimum number of paths.

Lin et al. [5] proved the NP-hardness of VCPT,
even for the unweighted case.! Moreover, they pro-
vided an exact exponential-time algorithm and showed
that VCPT can be approximated to a factor 2 in poly-
nomial time. Their exact algorithm has running time
04€ - |V|?), where C is the maximum number of paths
covering a tree vertex. The algorithm is based on dy-
namic programming. Lin et al. emphasize that exact
algorithms “are desired in the machine translation ap-
plication” [5, p. 75] and that assuming small values for
the parameter C “maps to the machine translation ap-
plication” [5, p. 81]. Thus, Lin et al.’s exact algorithm
can be seen as a practically important fixed-parameter
tractability result with respect to the parameter C, invit-
ing further studies concerning fixed-parameter algo-
rithms [6] for VCPT.

This work makes two contributions concerning the
fixed-parameter tractability of VCPT. First, we improve
Lin et al.’s O(4€ - |V|?) time bound to O(2€ - C - |V]).
In particular, for the practically relevant case of C =
O(1) this means linear instead of quadratic time. We
achieve this result by reducing VCPT to the more gen-
eral problem TREE-LIKE WEIGHTED HITTING SET,
and by solving the latter with dynamic programming
in the style of tree decomposition based dynamic pro-
gramming. Our second contribution only applies to the
unweighted case of VCPT. Instead of considering the
parameter C, here we study the parameter k denoting
the size of the solution L/, that is, k := |L’|. We provide
three polynomial-time data reduction rules and, based
on these, develop a size-O(2% - k!) search tree for un-
weighted VCPT. Finally, pointing to related work [3,9]
for the TREE AUGMENTATION problem, we indicate
the existence of a size-O(kz) problem kernel for un-
weighted VCPT.

2. Parameter ‘“maximum number of paths covering
a vertex”

Taking into account that VCPT is NP-hard, Lin et
al. [5] introduced the parameter C denoting the upper
bound on the number of paths covering a tree vertex.
Here, we improve their 04°¢ . |V|2)—time algorithm to

! Note that the NP-hardness heavily relies on the fact that the path
set L in the problem definition is part of the input.

an OQ2€ - C - |V|)-time algorithm. Both algorithms are
based on dynamic programming. To present our algo-
rithm, we introduce a special case of the HITTING SET
problem, namely the TREE-LIKE WEIGHTED HITTING
SET (TWHS) problem, and show that it is a generaliza-
tion of VCPT. TREE-LIKE WEIGHTED HITTING SET is
defined as follows.

Input: AbasesetS = {sq,s2,...,s,}, atree-like subset
collection K of subsets of S, C = {K1, K>, ..., K.},
and a weight function w: S — Q-¢, where Q. is
the set of positive rational numbers.

Task: Find a hitting set S' C S of minimum weight
such that K; NS’ £ @ forall 1 <i <m.

Tree-like means that the subsets in /C can be organized in
a so-called subset-tree T such that there exists a one-to-
one mapping between the vertices of 7 and the subsets
in a way that for every element s € S the vertices cor-
responding to the subsets containing s induce a subtree
of 7. The subset-tree and the corresponding mapping
can be computed in linear time for a given tree-like sub-
set collection [8]. Thus, we may assume that we are
given a subset-tree and the mapping for the tree-like
subset collection under consideration.

Given a VCPT-instance (7, L), define vpaths(v) :=
{p € L | vlieson p}. Moreover, for an edge e let
epaths(e) := {p € L | e lieson p}. Clearly, C =
maxycy |vpaths(v)|. More importantly, note that for the
base set S := L the subset collection K := {vpaths(v) |
v € V} is tree-like—the subset-tree 7 and the VCPT
input instance tree T are isomorphic. VCPT forms the
special case of TWHS where every element in S only
maps to a path and not to a subtree of 7.

Theorem 1. TREE-LIKE WEIGHTED HITTING SET
can be solved in OQ2€ - C - m) time, where C :=
maxg ek | K|

Proof. Let 7 = (I, F) be the subset-tree for the tree-
like subset collection IC. We use dynamic programming
to find an optimal solution for TWHS. To this end, we
construct a coloring of the elements of the base set with
colors O or 1 such that for every subset at least one of the
elements that it contains is colored 1, and the sum of the
weights of the elements that is colored 1 is minimized.
Let 7 be rooted at an arbitrary vertex » € I. We use the
following notation. For a vertex v € I let 7, = (I, Fy)
denote the subtree of 7 rooted at vertex v. If v is a
child of u in the rooted tree, then let parent(v) := u.
Define K (v) to be the subset in K associated with v € T
and define K, to be the set of subsets corresponding to



Download English Version:

https://daneshyari.com/en/article/427982

Download Persian Version:

https://daneshyari.com/article/427982

Daneshyari.com


https://daneshyari.com/en/article/427982
https://daneshyari.com/article/427982
https://daneshyari.com/

