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Abstract

We extend Lutz’s resource-bounded measure to probabilistic classes, and obtain notions of resource-bounded measure on prob-
abilistic complexity classes such as BPE and BPEXP. Unlike former attempts, our resource bounded measure notions satisfy all
three basic measure properties, that is every singleton {L} has measure zero, the whole space has measure one, and “enumerable
infinite unions” of measure zero sets have measure zero.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Resource-bounded measure was introduced by Lutz
in [4,5] for both complexity classes EXP and E. It pro-
vides a means of investigating the sizes of various sub-
sets of E and EXP. Given a subset C of EXP such as P,
NP or BPP, one tries to determine whether C is a small
subset of EXP, i.e. has measure zero, or is a large sub-
set, i.e. has measure one. Resource-bounded measure
has been successfully used to understand the structure
of the exponential time classes E and EXP.

The first goal of Lutz’s approach was to extend ex-
istence results, such as “there is a language in C satis-
fying property P ”, to abundance results such as “most
languages in C satisfy property P ”, which is more in-
formative since an abundance result reflects the typical
behavior of languages in a class, whereas an existence
result could as well correspond to an exception in the
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class. For instance, it was shown [3] that the set of �p
m-

complete languages for E has measure zero in E.
Plausible but unproven hypothesis such as P �= NP

and “the polynomial time hierarchy does not collapse”
are useful to provide information concerning complex-
ity theoretical propositions. Resource-bounded measure
can also be used to formulate new plausible working
hypothesis such as “NP is not a small subset of E”. For
instance, it was shown in [2], that under the hypothesis
“NP does not have p-measure zero” full derandomiza-
tion of AM is possible, i.e. NP = AM. For a more detailed
survey on Lutz’s resource bounded measure see [6].

Resource-bounded measure can be seen as a gen-
eral framework which for many complexity classes C,
yields a notion of “measure in C” which satisfies the fol-
lowing three basic properties. First, every singleton {L}
(where L ∈ C) has measure zero in C, second the whole
space C has measure one in C, and finally “enumer-
able infinite unions” of measure zero sets have measure
zero in C. These basic properties meet the essence of
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Lebesgue’s measure and ensure that it is impossible for
a subset of C to have both measure zero and one in C.

Unfortunately, Lutz’s formulation only works for
measure in C ⊇ E. In [8,1,14,10] Lutz’s measure was
generalized to subexponential classes with the introduc-
tion of measure notions in classes such as P, SUBEXP
and PSPACE. And what about probabilistic classes?

In [13], the notion of measure on probabilistic classes
has been investigated. Probabilistic martingales were
introduced in [13], where the overwhelming majority
of the branches of a probabilistic computation com-
pute values that are close approximations to the actual
value of the martingale (different branches might pro-
duce different approximations). Several classes were
shown to be small according to this notion in [13], in-
cluding the classes that the “natural proofs” of [12] are
useful against, the Turing-complete sets for EXP, and
BPTIME(2cn) (for any constant c). Unfortunately the
notion of [13] is not known to satisfy the three basic
measure properties (and a proof thereof would imply
settling some long-standing open questions namely the
existence of a time-hierarchy theorem for probabilistic
classes).

It was thus left open whether it is possible to define a
measure on probabilistic classes which satisfies all three
basic measure properties. We give an affirmative answer
to this question by constructing a measure notion on
both probabilistic classes BPEXP and BPE, which sat-
isfies all three basic measure properties. The idea is to
consider martingales for which the overwhelming ma-
jority of the branches of a probabilistic computation
compute the same value that is a close approximation
to the actual value of the martingale. This combined
with standard techniques used to prove the three ba-
sic properties for Lutz measure on E, yields a measure
notion on BPE that satisfies the three basic properties.
The price to pay is that being same-valued probabilisti-
cally computable, our probabilistic martingales cannot
use random sampling (as opposed to the martingales
in [13]), hence the measure of the classes shown to be
small in [13] is not known with regard to our notion.

The idea of same-valued probabilistic computation
carries over to measure on small probabilistic classes
(using the approach of [1,14,10]) to yield measure no-
tions on BPP. For a notion of probabilistic Baire cate-
gories, see [9].

2. Preliminaries

We use standard notation for traditional complexity
classes, see for instance [11]. Let us fix some notation
for strings and languages. A string is an element of

{0,1}n for some integer n. For a string x, its length is de-
noted by |x|. s0, s1, s2 . . . denotes the standard enumer-
ation of the strings in {0,1}∗ in length-lexicographical
order, where s0 = λ denotes the empty string. Note that
n = 2O(|sn|). A sequence is an element of {0,1}ω. If
w is a string or a sequence and 1 � i � |w| then w[i]
and w[si] denotes the ith bit of w. Similarly w[i . . . j ]
and w[si . . . sj ] denote the ith through j th bits. For two
strings x, y, the concatenation of x and y is denoted xy.

A language is a set of strings. A class is a set of
languages. We identify language L with its character-
istic function χL, where χL is the sequence such that
χL[i] = 1 iff si ∈ L. Thus a language can be seen as a
sequence in {0,1}∞.

2.1. Martingales

Lutz’s [5] measure on E is obtained by imposing
an appropriate resource-bound on a game theoretical
characterization of the classical Lebesgue measure, via
martingales. A martingale is a function d : {0,1}∗ → R+
such that, for every w ∈ {0,1}∗,

d(w) = d(w0) + d(w1)

2
. (1)

This definition can be motivated by the following bet-
ting game in which a gambler puts bets on the suc-
cessive membership bits of a hidden language A. The
game proceeds in infinitely many rounds where at the
end of round n, it is revealed to the gambler whether
sn ∈ A or not. The game starts with capital 1. Then,
in round n + 1, depending on the first n outcomes
w = χA[0 . . . n − 1], the gambler bets a certain fraction
εwd(w) of his current capital d(w), that sn+1 ∈ A, and
bets the remaining capital (1 − εw)d(w) on the com-
plementary event sn+1 /∈ A. The game is fair, i.e. the
amount put on the correct event is doubled, the one put
on the wrong guess is lost, as stated in Eq. (1). The
value of d(w), where w = χA[0 . . . n] equals the cap-
ital of the gambler after round n + 1 on language A.
The player wins on a language A if he manages to
make his capital arbitrarily large during the game. We
say that a martingale d succeeds on a language A, if
d(A) := lim supw�A,w→A d(w) = ∞, where we iden-
tify language A with its characteristic sequence χA. The
success set S∞[d] of a martingale d is the class of all
languages on which d succeeds.

3. A measure on BPE

Our measure on BPE is defined via the following
probabilistic martingales.
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