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We call a topological ordering of a weighted directed acyclic graph non-negative if the sum 
of weights on the vertices in any prefix of the ordering is non-negative. We investigate two 
processes for constructing non-negative topological orderings of weighted directed acyclic 
graphs. The first process is called a mark sequence and the second is a generalization called 
a mark–unmark sequence. We answer a question of Erickson by showing that every non-
negative topological ordering that can be realized by a mark–unmark sequence can also be 
realized by a mark sequence. We also investigate the question of whether a given weighted 
directed acyclic graph has a non-negative topological ordering. We show that even in the 
simple case when every vertex is a source or a sink the question is NP-complete.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A directed acyclic graph (or DAG) is a directed graph with 
no directed cycles. A subset M of vertices of G is outdi-
rected if every edge between M and V (G) \ M is directed 
towards V (G) \ M (i.e., edges directed towards M are con-
tained in M). A prefix of length k of a sequence s is the 
subsequence of the first k terms of s. A topological ordering
of a DAG G is an ordering of the vertices of G such that 

* Corresponding author.
E-mail address: gerbner.daniel@renyi.mta.hu (D. Gerbner).

1 Research supported by Hungarian National Science Fund (OTKA), grant 
PD 109537.

2 Research supported by Hungarian National Science Fund (OTKA), 
grants PD 108406, K 116769 and the János Bolyai Research Scholarship 
of the Hungarian Academy of Sciences.

3 Research supported by Hungarian National Science Fund (OTKA), grant 
NK 78439.

4 Research supported by Hungarian National Science Fund (OTKA), grant 
PD 104386 and the János Bolyai Research Scholarship of the Hungarian 
Academy of Sciences, and by the Marie Skłodowska-Curie action of the 
EU, under grant IF 660400.

every prefix of the ordering is outdirected. The following 
two processes yield topological orderings of a given DAG 
G with n vertices.

A mark sequence of G is a sequence M1, M2, . . . , Mn of 
subsets of V (G) formed in the following way: first choose 
an arbitrary source v and put M1 = {v}, i.e., mark v in 
step 1. For i = 2, 3, 4, . . . , n, choose a vertex u /∈ Mi−1 such 
that {u} ∪ Mi−1 is outdirected and put Mi = {u} ∪ Mi−1, i.e., 
mark u in step i.

A mark–unmark sequence of G is a sequence of subsets 
of V (G) formed in the following way: first choose an arbi-
trary source v and put M1 = {v}, i.e., mark v in step 1. For 
i = 2, 3, 4, . . . , n either (i) choose a vertex u /∈ Mi−1 such 
that {u} ∪ Mi−1 is outdirected and put Mi = {u} ∪ Mi−1, 
i.e., mark u in step i or (ii) choose a vertex u ∈ Mi−1 such 
that Mi−1 \ {u} is outdirected and put Mi = Mi−1 \ {u}, i.e., 
unmark u in step i. This process stops when Mi = V (G).

Clearly, mark–unmark sequences are a generalization of 
mark sequences. Because we only mark a vertex if the new 
set Mi is outdirected, we get a topological ordering by ar-
ranging the vertices of G by the last step in which they 
were marked in the mark–unmark sequence. In particular, 
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Fig. 1. Examples.

the ordering of elements given by a mark sequence is sim-
ply a topological ordering.

A DAG G is called weighted if there is an assignment 
of real numbers to each vertex of G . We call a topologi-
cal ordering non-negative if the sum of the weights of the 
vertices in every prefix is non-negative. Similarly a mark–
unmark (or mark) sequence is non-negative if at each step 
the sum of the weights in Mi is non-negative.

Clearly, a non-negative mark sequence is equivalent 
to a non-negative topological ordering. However, a non-
negative mark–unmark sequence may give a negative topo-
logical ordering (we use negative in place of “not non-neg-
ative”). For example, let G be a weighted DAG on four ver-
tices {a, b, c, d} with a single edge bc and weights w(a) =
w(c) = w(d) = 1, w(b) = −1. Consider the following non-
negative mark–unmark sequence: mark a, b, c, then un-
mark a, then mark d and a. This gives the topological 
ordering b, c, d, a, which is negative. This suggests the 
following question of Erickson5: is there a weighted DAG 
G that has a non-negative mark–unmark sequence but no 
non-negative mark sequence?

We answer this question in the negative with the fol-
lowing theorem.

Theorem 1. If a weighted DAG G has a non-negative mark–
unmark sequence, then G also has a non-negative mark se-
quence.

This problem was motivated by a question of Epp-
stein,6 which asked to determine the complexity to decide 
whether a weighted DAG G has a non-negative topologi-
cal ordering. His motivation was related to abstract Fréchet 
distance problems. This question turned out to be practi-
cally equivalent to an NP-complete problem of Garey and 
Johnson [1], called SEQUENCING TO MINIMIZE MAXIMUM 
CUMULATIVE COST, which we will not define here in its 

5 Positive topological ordering, take 2, http :/ /cstheory.stackexchange .
com /questions /1399.

6 Positive topological ordering, http :/ /cstheory.stackexchange .com /
questions /1346.

full generality. In fact, the problem is NP-complete even in 
the following special case.

Theorem 2. Let G be a weighted DAG such that every vertex is 
either a source or a sink. Deciding whether G has a non-negative 
topological ordering is NP-complete.

The proof of hardness is through a series of reductions, 
which have been noticed/proved by different people (in-
cluding the authors) and are hard to gather from the inter-
net, so we include the full proof of Theorem 2 in Section 3. 
Theorem 1 is proved in Section 2.

2. Marking and unmarking

In this section we prove Theorem 1.7 In particular, given 
a weighted DAG G and a non-negative mark–unmark se-
quence, we will construct a non-negative mark sequence 
for G . We begin with some definitions. By w(X) we de-
note the sum of the weights of the elements of a set of 
vertices X . We say that a set Y ⊆ X is X-indirected if every 
edge between Y and X \ Y is directed towards Y . Similarly, 
say that a set Y ⊆ X is X-outdirected if every edge between 
Y and X \ Y is directed towards X \ Y . For simplicity, we 
call a set of vertices Y of a DAG G outdirected (indirected) 
if Y is V (G)-outdirected (V (G)-indirected). Note that this 
definition corresponds to the definition of indirected given 
in the previous section. Fig. 1 (a) gives an example of 
X-indirected and X-outdirected sets.

Proof of Theorem 1. Let G be a weighted DAG with a 
non-negative mark–unmark sequence. Let M1, M2, . . . , Mt
be a mark–unmark sequence with at least one unmark 
step (otherwise we are done) of minimum length. For 
i ∈ [t],8 put Ui = (∪i−1

j=1M j) \ Mi , i.e., the set of elements 
that were marked in the first i − 1 steps, but later be-
came unmarked (in one of the first i steps). Note that Ui

7 A sketch of this proof posted by the fourth author can be found online 
at http :/ /cstheory.stackexchange .com /questions /1399.

8 Here (and later) [t] stands for {1, . . . , t}.
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