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We investigate graphs whose matching polynomial has six distinct roots. We show that for 
those graphs if its order n > 6 then they are determined by their matching polynomials.
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1. Introduction

Let G(V , E) be a simple graph, V (G), E(G) be its ver-
tex set and edge set, respectively. Let M be a matching 
of G and m(G, k) be the number of ways in which k in-
dependent edges can be selected in E(G). In [2] [CH. 4], 
Cvetković, Doob, Gutman and Torgaśev denote the match-
ing polynomial of G with n vertices and m edges to be

MG(x) =
n/2∑
k≥0

(−1)km(G,k)xn−2k. (1)

Two nonisomorphic graphs with the same matching 
polynomials are said to be comatching, write as G ∼ H . 
A graph G is said to be matching unique if it has no co-
matching graph. We define the root system of G to be the 
multiset of the roots of the matching polynomial of G . We 
denote it by

R(G) = {
θ

m1
1 , θ

m2
2 , . . . , θ

mn
n

}
, (2)

where mi is the multiplicity of θi as a root of MG (x).
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So far, only few classes of matching unique graphs are 
known. For example Beezer and Farrell in [1] have shown 
that 2-regular graphs, cages, mKr,r , Moore graphs with 
given degree and odd girth are matching unique. The de-
termination of graphs with few distinct roots of its match-
ing polynomial is studied by Ebrahim. In [4], he determines 
graphs with at most five distinct matching roots and shows 
that the Friendship graph Fn is matching unique.

In this work we determine all graphs with six distinct 
matching roots. As a result, we find a new class of match-
ing unique graph. In particular, we give matching polyno-
mials and matching roots of all graphs of order 6 and give 
their comatching graphs (see Appendix [6]).

2. Preliminaries

Let Pn be a path on n vertices, K1,s be a star on s + 1
vertices and Kn be a complete graph on n vertices. Obvi-
ously P1 ∼= K1, P2 ∼= K2 and P3 ∼= K1,2.

Lemma 2.1. (See [2].) Let G be a graph with u ∈ V (G), and sup-
pose the neighborhood of u is Γ (u) = {v1, v2, . . . , vd}. Then

MG(x) = xMG\u(x) −
d∑

i=1

MG\uvi (x). (3)
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If G1, G2, · · · , Gk are the components of G, then

MG(x) =
k∏

i=1

MGi (x). (4)

Roots of a matching polynomial of any graph are real 
numbers. Moreover it has the interlacing property (see [5]).

Lemma 2.2. (See [5].) Let G be a graph and u be a vertex of it. 
Then the roots of MG\u(x) interlace those of MG(x), i.e. if θ1 ≥
θ2 ≥ . . . ≥ θn and η1 ≥ η2 ≥ . . . ≥ ηn−1 are the matching roots 
of G and G − u, respectively, then

θ1 ≥ η1 ≥ θ2 ≥ η2 ≥ . . . ≥ ηn−1 ≥ θn.

Lemma 2.3. (See [3].) For a connected graph G, if mult(θ, G) ≥
2, then there is a vertex u of G such that mult(θ, G − u) ≥
mult(θ, G).

By following Ghorbani’s definition S(r, k, t, p, q) are 
graphs obtained by adding a new vertex u to the graph 
rK1,k ∪ t K1 and joining it to the other vertices by p + q
edges such that the resulting graph is connected, and 
u is adjacent with q centers of the stars (for K1,1 ei-
ther of the vertices may be consider as center). Clearly 
r + t ≤ p + q ≤ r(k + 1) + t and 0 ≤ q ≤ r.

Lemma 2.4. (See [4].) Let G be a connected graph, and let z(G)

be the number of distinct matching roots. Then

1. if z(G) = 2, then G ∼= K2;
2. if z(G) = 3, then G is either a star or K3;
3. if z(G) = 4, then G is a non-star graph with 4 vertices;
4. if z(G) = 5, then G is one of the graphs S(1, k, 0, s, 0), 

S(1, k, 0, s, 1), S(1, 1, t, t + 1, 0), S(1, 1, t, t + 1, 1), S(r,
1, 0, p, q),

for some integers k, s, t, p, q, or a connected non-star graph 
with 5 vertices.

For convenience, let G(i) denote the connected graph 
which has i distinct matching roots. It is obvious that 
G(1) = {nK1}, and R(G(1)) = {0n}.

Remark 2.5. It is well known that roots of the cubic poly-
nomial ax3 + bx2 + cx + d are given in terms of the coeffi-
cients and

� = 18abcd − 4b3d + b2c2 − 4ac3 − 27a2d2

is called discriminant

1. For the case � > 0, the polynomial has three distinct 
real roots;

2. For the case � = 0 the polynomial has a multiple root 
and all its roots are real;

3. For the case � < 0 the polynomial has one real root 
and two nonreal complex roots.

4. If the cubic polynomial is a factor of a matching poly-
nomial of a simple graph, then b = 0 and only has real 
roots.

For a polynomial to the 4th power and 6th power we 
let y = x2 and decrease it to a quadric or cubic polynomi-
als.

It is well known that the multiplicity of 0 as a root of 
the matching polynomial is equal to the number of ver-
tices which is unsaturated by the maximal matching of G . 
Hence we easily have the following Remark 2.6.

Remark 2.6. If a graph has six distinct matching roots, then 
zero is not a root of the matching polynomial of a graph, 
furthermore the graph has a perfect matching.

3. All graphs with six distinct matching roots

We define a family of graphs which will be used fre-
quently in this paper. Let S(H1, H2, H3) = {S(rH1, sH2,

t H3, m, p, q) : r, s, t, m, p, q ∈ Z+ ∪ {0}} be a set of graphs 
which are obtained by adding a new vertex u to rH1 ∪
sH2 ∪ t H3, and join to the m vertices of H1, p vertices 
of H2 and q vertices of H3 with proper m, p and q to 
make the resulting graph S(rH1, sH2, t H3, m, p, q) con-
nected, where Hi are called generate subgraphs of G .

Theorem 3.1. The following graphs do not have precisely six dis-
tinct matching roots:

S(K3, K2) = {
S(K3, rK2, i, s)

}
,

S(K1,2, K2) = {
S(K1,2, rK2, i, s)

}
,

and

S(P5, K2) = {
S(P5, rK2, i, s)

}
, 1 ≤ i ≤ 5, r ≤ s ≤ 2r.

Proof. For simplicity, let H be the graph that is obtained 
by adding a new vertex u and connecting u to rK2 by s(r ≤
s ≤ 2r) edges. Let g(x) = (x2 − 1)r−1. By Lemma 2.1 the
matching polynomials of H1, H2, . . . , H8 (see Fig. 1) are:

MH1(x) = g(x)
(
x6 − (s + 5)x4 + (3s + 5)x2 − 1

)
,

MH2(x) = g(x)
(
x6 − (s + 6)x4 + (3s + 7)x2 − 2

)
,

MH3(x) = g(x)
(
x6 − (s + 7)x4 + (3s + 9)x2 − 3

)
,

Fig. 1. S(K3, rK2, i, s) and S(K1,2, rK2, i, s), i = 1,2,3.
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