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We show that this problem is polynomial-time solvable for both undirected and directed
graphs. We generalize these results for problems with degree parity constraints and degree
balance constraints, respectively. We also consider the variants where vertex deletions are
permitted. Combined with known results, this leads to full complexity classifications for
Keywords: both undirected and directed graphs and for every subset of the three graph operations.
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1. Introduction

Graph modification problems play a central role in algorithmic graph theory, partly due to the fact that they naturally
arise in numerous practical applications. A graph modification problem takes as input a graph G and an integer k, and asks
whether G can be modified into a graph belonging to a prescribed graph class 7, using at most k operations of certain
allowed types. The most common operations that are considered in this context are edge additions (#{-COMPLETION), edge
deletions (H-EDGE DELETION), vertex deletions (H-VERTEX DELETION), and a combination of edge additions and edge deletions
(H-EpITING). The intensive study of graph modification problems has produced a plethora of classical and parameterized
complexity results (see e.g. [2-8,10,13,15-17,19,21-23,25,26]).

An undirected (resp. directed) graph G is Eulerian if it contains a walk that begins and ends with the same vertex and
that uses every edge (resp. arc) exactly once. As an immediate consequence, an undirected graph is Eulerian if and only
if it is connected and every vertex has even degree. Similarly, a directed graph is Eulerian if it is strongly connected! and
balanced, i.e. the in-degree of every vertex equals its out-degree. Eulerian graphs form a well-known graph class both within
algorithmic and structural graph theory.

Several groups of authors have investigated the problem of deciding whether or not a given undirected graph can be
made Eulerian using a small number of operations. Boesch et al. [2] presented a polynomial-time algorithm for EULERIAN
ComPLETION, and Cai and Yang [5] showed that the problems EULERIAN VERTEX DELETION and EULERIAN EDGE DELETION are
NP-complete [5]. When parameterized by the number k of allowed operations, it is known that EULERIAN VERTEX DELETION
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is W[1]-hard [5], while EULERIAN EDGE DELETION is fixed-parameter tractable [8]. Cygan et al. [8] showed that the classical
and parameterized complexity results for EULERIAN VERTEX DELETION and EULERIAN EDGE DELETION also hold for the directed
variants of these problems. Recently, Goyal et al. [17] improved the fixed-parameter tractability results of Cygan et al. [8]
for the directed and undirected variants of EULERIAN EDGE DELETION by giving algorithms with running times that are single-
exponential in k. The same authors also proved that the UNDIRECTED CONNECTED ODD EDGE DELETION problem, which asks
whether it is possible to obtain a connected graph in which all vertices have odd degree by deleting at most k edges, is
fixed-parameter tractable when parameterized by k.

Another problem that can be seen as involving editing to an Eulerian multigraph is the CHINESE POSTMAN problem, also
known as the ROUTE INSPECTION problem [20]. In this problem a connected graph G, together with an integer k, is given and
the question is whether or not there exists a closed walk in G that uses every edge of G at least once and that has length at
most |E(G)| + k. In other words, can we add a total of at most k copies of existing edges to G in order to modify G into an
Eulerian multigraph? Edmonds and Johnson [12] showed that both the undirected and directed variant of this problem can
be solved in polynomial time. The RURAL POSTMAN problem generalizes the CHINESE POSTMAN problem, as it requires that
only every edge of some subset of E(G) needs to be used at least once in the closed walk. Dorn et al. [10] proved that the
RURAL POSTMAN is fixed-parameter tractable for directed multigraphs when parameterized by the number of arcs that may
be added.

Our contribution We generalize, extend and complement known results on graph modification problems dealing with Eu-
lerian graphs and digraphs. The main contribution of this paper consists of two non-trivial polynomial-time algorithms:
one for solving the EULERIAN EDITING problem, and one for solving the directed variant of this problem. Given the afore-
mentioned NP-completeness result for EULERIAN EDGE DELETION and the fact that H-EDITING is NP-complete for many graph
classes H [3,26], we find it particularly interesting that EULERIAN EDITING turns out to be polynomial-time solvable. To the
best of our knowledge, the only other natural non-trivial graph class A for which H-EDITING is known to be polynomial-
time solvable is the class of split graphs [18].

In fact, our polynomial-time algorithms are implications of two more general results. In order to formally state these
results, we need to introduce some terminology. Let ea, ed and vd denote the operations edge addition, edge deletion
and vertex deletion, respectively. For any set S C {ea, ed, vd} and non-negative integer k, we say that a graph G can be
(S, k)-modified into a graph H if H can be obtained from G by using at most k operations from S. We define the following
problem for every S C {ea, ed, vd}:

CDPE(S): CONNECTED DEGREE PARITY EDITING(S)

Instance: A (simple) graph G, an integer k
and a function §: V(G) — {0, 1}.

Question:  Can G be (S, k)-modified into a connected graph H
with dy(v) =68(v) (mod 2) for each v € V(H)?

Inspired by the work of Cygan et al. [8] on directed Eulerian graphs, we also study a natural directed variant of the
CDBE(S) problem. Denoting the in- and out-degree of a vertex v in a digraph G by d{’(v) and d"Guf(v), respectively, we
define the following problem for every S C {ea, ed, vd}:

CDBE(S): CONNECTED DEGREE BALANCE EDITING(S)

Instance: A (simple) digraph G, an integer k
and a function §: V(G) — Z.

Question:  Can G be (S, k)-modified into a weakly connected
digraph H with d%(v) — d'f}(v) =§(v) for each
veV(H)?

In Section 3, we prove that CDPE(S) can be solved in polynomial time when S = {ea} and when S = {ea, ed}. The
first of these two results extends the result by Boesch et al. [2] on EULERIAN COMPLETION and the second yields the first
polynomial-time algorithm for EULERIAN EDITING, as these problems are equivalent to CDPE({ea}) and CDPE({ea, ed}), re-
spectively, when we set § =0 (i.e. when §(v) =0 for every v € V(G)). The complexity of the problem drastically changes
when vertex deletion is allowed: we prove that for every subset S C {ea, ed,vd} with vd € S, the CDPE(S) problem is
NP-complete and W[1]-hard with parameter k, even when § = 0. This complements results by Cai and Yang [5] stating that
CDPE(S) is NP-complete and W[1]-hard with parameter k when S = {vd} and § =0 or § = 1. Our results, together with the
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