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We study the expressiveness on a given document of various fragments of XPath, the core 
navigational language on XML documents. Viewing these languages as fragments of Tarski’s 
relation algebra, we give characterizations for when a binary relation on the document’s 
nodes (i.e., a set of paths) is definable by an expression in these algebras. In contrast 
with this “global view” on language semantics, there is also a “local view” where one 
is interested in the nodes to which one can navigate starting from a particular node. In 
this view, we characterize when a set of nodes can be defined as the result of applying an 
expression to a given node. All of these global and local definability results are obtained 
using a two-step methodology, which consists of first characterizing when two nodes 
cannot be distinguished by an expression in the language, and then bootstrapping these 
characterizations to the desired results.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we investigate the expressive power of several basic fragments of Tarski’s relation algebra [2] on finite 
tree-structured graphs. Tarski’s algebra is a fundamental tool in the field of algebraic logic which finds various applications 
in computer science [3–6]. Our investigation is specifically motivated by the role the relation algebra plays in the study of 
database query languages [7–15], and, more in particular, these query languages restricted to tree-structured graphs [16]. 
The algebras we consider in this paper correspond to natural fragments of XPath. XPath is a simple language for navigation 
in XML documents (i.e., a standard syntax for representing node-labeled trees), which is at the heart of standard XML 
transformation languages and other XML technologies [17]. Keeping in the spirit of XML, we will continue to speak in what 
follows of trees as “documents” and the algebras we study as “XPath” algebras.

XPath can be viewed as a query language in which an expression associates to every document a binary relation on 
its nodes representing all navigation paths in the document defined by that expression [9,18,19]. From this query-level 

✩ A preliminary version of some of the results given here were presented at the 25th ACM Symposium on Principles of Database Systems [1].
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perspective, several natural semantic issues have been investigated in recent years for various fragments of XPath. These 
include expressibility, closure properties, and complexity of evaluation [9,10,19–21], as well as decision problems such as 
satisfiability, containment, and equivalence [22–24].

Alternatively, we can view XPath as a navigational tool on a particular given document, and study expressiveness is-
sues from this document-level perspective. (A similar duality exists in the relational database model, where Bancilhon [25]
and Paredaens [26] considered and characterized expressiveness at the instance level, which, subsequently, Chandra and 
Harel [27] contrasted with expressiveness at the query level.)

In this setting, our goal is to characterize, for various natural fragments of XPath, when a binary relation on the nodes 
of a given document (i.e., a set of navigation paths) is definable by an expression in the fragment.

To achieve this goal, we develop a robust two-step methodology. The first step consists of characterizing when two 
nodes in a document cannot be distinguished by an expression in the fragment under consideration. It turns out for those 
fragments we consider that this notion of expression equivalence of nodes is equivalent to an appropriate generalization of 
the classic notion of bisimilarity [28]. The second step of our methodology then consists of bootstrapping this result to a 
characterization for when a binary relation on the nodes of a given document is definable by an expression in the fragment.

We refer to this perspective on the semantics of XPath at the document level as the “global view.” In contrast with this 
global view, there is also a “local view” which we consider. In this view, one is only interested in the nodes to which one 
can navigate starting from a particular given node in the document under consideration. From this perspective, a set of 
nodes of that document can be seen as the end points of a set of paths starting at the given node. For each of the XPath 
fragments considered, we characterize when such a set represents the set of all paths starting at the given node defined 
by some expression in the fragment. These characterizations are derived from the corresponding characterizations in the 
“global view,” and turn out to be particularly elegant in the important special case where the starting node is the root.

In this paper, we study several natural XPath fragments. The most expressive among them is the XPath algebra which 
permits the self, parent, and child operators, predicates, compositions, and the boolean operators union, intersection, and 
difference. (Since we work at the document level, i.e., the document is given, there is no need to include the ancestor and 
descendant operators as primitives.) We also consider the core XPath algebra, which is the XPath algebra without intersection 
and difference at the expression level. The core XPath algebra is the adaptation to our setting of Core XPath of Gottlob 
et al. [18,21,29]. Of both of these algebras, we also consider various “downward” and “upward” fragments without the parent 
and child operator, respectively. We also study “positive” variants of all the fragments considered, without the difference 
operator.

Our strategy is to introduce and characterize generalizations of each of these practical fragments, towards a broader 
perspective on relation algebras on trees. These generalizations are based on a simple notion of path counting, a feature 
which also appears in XPath.

The robustness of the characterizations provided in this paper is further strengthened by their feasibility. As discussed 
in Section 9, the global and local definability problems for each of the XPath fragments are decidable in polynomial time. 
This feasibility hints towards efficient partitioning and reduction techniques on both the set of nodes and the set of paths 
in a document. Such techniques may be applied fruitfully towards, e.g., document compression [30], access control [31], and 
designing indexes for efficient query processing [11,32,33].

We proceed in the paper as follows. In Section 2, we formally define documents and the algebras, and then in Section 3, 
we define a notion of “signatures” which will be essential in the sequel. In Section 4, we define the semantic and syntactic 
notions of node distinguishability necessary to obtain our desired structural characterizations. In the balance of the paper, 
we apply our two-step methodology to link semantic expression equivalence in the languages to appropriate structural 
syntactic equivalence notions. In particular, we give structural characterizations, under both the global and local views,

• of “strictly” (Section 5) and “weakly” (Section 6) downward languages, and their positive variants;
• of upward languages and their positive variants (Section 7); and
• of languages with both downward and upward navigation, and their positive variants (Section 8).

Along the way, we also establish the equivalence of some of these fragments, using the structural characterizations obtained. 
We conclude in Section 9 with a discussion of some ramifications of our results and directions for further study.

2. Documents and navigation

In this paper, we are interested in navigating over documents in the form of unordered labeled trees. Formally, we denote 
such a document as D = (V , Ed, r, λ), with D the document name, V the set of nodes of the tree, Ed the set of edges of the 
tree, r the root of the tree, and λ : V →L a function assigning to each node a label from some infinite set of labels L.

Example 2.1. Fig. 1 shows an example of a document that will be used throughout the paper. Here, r = v1 is the root of the 
tree with label λ(v1) = a.
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