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of a given graph with the minimum number of edges. In this paper, we study the pa-
rameterized complexity of local search for the MiNIMUM FILL-IN problem in the following
form: Given a triangulation H of a graph G, is there a better triangulation, i.e. triangula-
tion with less edges than H, within a given distance from H? We prove that this problem

'ffﬂosrs;ch is fixed-parameter tractable (FPT) being parameterized by the distance from the initial
Minimum fill-in triangulation, by providing an algorithm that in time f(k)|G|®™ decides if a better trian-
Parameterized complexity gulation of G can be obtained by swapping at most k edges of H. Our result adds MINIMUM
Triangulation FILL-IN to the list of very few problems for which local search is known to be FPT.

Chordal graph © 2014 Elsevier Inc. All rights reserved.

1. Introduction

A graph is chordal (or triangulated) if every cycle of length at least four contains a chord, i.e. an edge between non-
adjacent vertices of the cycle. The MiNIMUM FILL-IN problem (also known as MINIMUM TRIANGULATION and CHORDAL GRAPH
COMPLETION) is to turn a given graph into a chordal by adding as few new edges as possible. The name fill-in is due to
the fundamental problem arising in sparse matrix computations which was studied intensively in the past. During Gaussian
eliminations of large sparse matrices new non-zero elements called fills can replace original zeros thus increasing stor-
age requirements and running time needed to solve the system. The problem of finding an optimal elimination ordering
minimizing the number of fill elements can be expressed as the MiNIMUM FILL-IN problem on graphs [45,46]. See also [9,
Chapter 7] for a more recent overview of related problems and techniques. Besides sparse matrix computations, applications
of MINIMUM FILL-IN can be found in database management [3], artificial intelligence, and the theory of Bayesian statistics
[8,22,33,51]. The survey of Heggernes [25] gives an overview of techniques and applications of minimum and minimal
triangulations.

MINIMUM FILL-IN (under the name CHORDAL GRAPH COMPLETION) was one of the 12 open problems presented at the
end of the first edition of Garey and Johnson’s book [19] and it was proved to be NP-complete by Yannakakis [52]. While
different approximation and parameterized algorithms for MiNIMUM FILL-IN were studied in the literature [2,5,7,8,17,27,39],
in practice, to reduce the fill-in different heuristic ordering methods are commonly used. We refer to the recent survey of
Duff and Bora [13] on the history and recent developments of fill-in reducing heuristics.
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In this paper we study the following local search variant of the problem: Given a fill-in of a graph, is it possible to
obtain a better fill-in by changing a small number of edges? An efficient local search algorithm could be used as a generic
subroutine of almost every fill-in heuristic.

The idea of local search is to improve a solution by searching for a better solution in a neighborhood of the current solu-
tion, that is defined in a problem-specific way. For example, for the classic TRAVELING SALESMAN problem, the neighborhood
of a tour can be defined as the set of all tours that differ from it in at most k edges, the so-called k-exchange neighborhood
[34,43]. For inputs of size n, a naive brute-force search of the k-exchange neighborhood requires n©® time; this is infeasi-
ble in practical terms even for relatively small values of k. But is it possible to do better? Is it possible to solve local search
problems in, say time 7 (k) -n®®, for some function 7 of k only? It has been generally assumed, perhaps because of the
typical algorithmic structure of local search algorithms: “Look at all solutions in the neighborhood of the current solution
...", that finding an improved solution (if there is one) in a k-exchange neighborhood necessarily requires brute-force search
of the neighborhood; therefore, verifying optimality in a k-exchange neighborhood requires §2(n¥) time (see, e.g. [1, p. 339]
or [29, p. 680]).

An appropriate tool to answer these questions is parameterized complexity. In the parameterized framework, for decision
problems with input size n and a parameter k, the goal is to design algorithms with runtime (k) - n®®, where 7 is a
function of k alone. Problems having such algorithms are said to be fixed-parameter tractable (FPT). There is also a theory
of hardness to identify parameterized problems that are probably not amenable to FPT algorithms, based on a complexity
hypothesis similar to P NP. For an introduction to the field and more recent developments, see the books [12,15,40].

By making use of developments from parameterized complexity, it appeared that the complexity of local search is much
more interesting and involved than it was assumed to be for a long time. While many k-exchange neighborhood search
problems, like determining whether there is an improved solution in the k-exchange neighborhood for TSP, are W[1]-hard
parameterized by k [36], it appears that for some problems FPT algorithms exist. For example, Khuller, Bhatia, and Pless
[28] investigated the NP-hard problem of finding a feedback edge set that is incident to the minimum number of vertices.
One of the results obtained in [28] is that checking whether it is possible to improve a solution by replacing at most k
edges in an n-vertex graph can be done in time O(n? + nt(k)), ie., it is FPT parameterized by k. Similar results were
obtained for many problems on planar graphs [14] and for the feedback arc set problem in tournaments [16]. Complexity
of k-exchange problems for Boolean CSP and SAT was studied in [31,48]. The parameterized complexity of local search
of different problems was investigated in [20,24,37,38,42]. However, most of these results exhibit the hardness of local
search, and, as it was mentioned by Marx in [35], in most cases, the fixed-parameter tractability results are somewhat
unexpected.

Our result. There are various neighborhoods considered in the literature for different problems. Since for the MINIMUM
FILL-IN problem the solution is determined by an edge subset, the following definition of the neighborhood comes naturally.
For a pair of graphs G = (V,E) and G’ = (V, E’) on the same vertex set V, let H(G,G’) be |E A E’|, i.e. the Hamming
distance between the edge sets of E and E’. We say that G is a neighbor of G’ with respect to k-exchange neighborhood k-EXN
if H(G,G") <k. Let N,f"(G) be the set of neighbors of G with respect to k-EXN. For a given triangulation, i.e. a chordal
supergraph H of graph G, we ask if there is a better triangulation of G within distance at most k from H. More precisely,
we define the following variant of local search.

k-Local Search Fill-in (k-LS-FI) Parameter: k
Input: A graph G = (V, E), its triangulation H = (V, EUF) and an integer k > 0.
Question: Decide whether there is a triangulation H' = (V, EU F’) of G such that H' e N{"(H) and |F'| < |F|.

The main result of the paper is the following theorem.
Theorem 1. k-LS-FI is FPT.

The theorem is proved in several steps. Let a graph G = (V, E) and its triangulation H = (V, E U F) be an input of k-LS-FI.
We refer to a graph H' = (V, EU F’) e N{"(H) with |F'| < |F| as to a solution of k-LS-FI. We start from a simple criterion
to identify edges of F that should be in every solution of k-LS-FI (Lemma 14). Based on this criterion, we can show that if
a solution exists, i.e. G and H is a YES-instance of k-LS-FI, then there is a solution H' = (V, E U F’) such that the edges of
FAF’ “affect” at most k(k + 1) maximal cliques of H. This is done in Lemma 16. The next step is to identify the cliques of
H that can be affected by the solution. In a chordal graph, the total number of different families containing at most k(k + 1)
maximal cliques each, can be n26, However, we design a procedure to generate at most n20®) families of maximal
cliques of H, each family containing at most k(k + 1) cliques, and such that at least one set of the family is a set of cliques
affected by the solution. The procedure generating sets of affected maximal cliques is given in Lemma 19, and this is the
most technical part of our algorithm. What remains to show is that for a given set of maximal cliques, we can construct in
FPT time a solution of k-LS-FI affecting only these cliques.
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