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1. Introduction

The notion of a multi bottom-up tree transducer was originally introduced and studied in [4,26], albeit under different
names. The deterministic variant was rediscovered in [13,14], where the name “multi bottom-up tree transducer” was
coined. Quite recently, it was established [11,28] that the (weighted) linear extended variant has very nice algorithmic
properties. It was thus further developed into a formal model for tree-to-tree translation [29,31], which is a sub-discipline
in syntax-based statistical machine translation [23]. An open-source implementation of a statistical machine translation
system based on shallow linear extended multi bottom-up tree transducers [6] inside the Mosgs framework [24] is available
and has been evaluated on an English-to-German translation task.

Here we consider linear extended multi bottom-up tree transducers (for short: MBoT) and present them in the form of
synchronous grammars [7]. In such grammars, the nonterminals (or states) occurring in sentential forms are linked, and the
linked nonterminals are replaced at the same time. Consequently, productions (or rules) of synchronous grammars often
have at least two components: the input side and the output side. An MBOT rule might have even more than two compo-
nents because it contains a vector of output trees. More formally, an MBOT is a finite-state tree transducer, in which the
rules are of the form (¢, q,7), where the left-hand side ¢ is a tree that is linear in the states (i.e., each state can occur at
most once), q is a state, and the right-hand side 7 is a vector of trees, in which states can also occur. It is required that all
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states that occur in T also appear in £. In contrast to other presentations [11] we do not use ranked alphabets — neither for
the input and output symbols nor for the states. It is easy to see that our (rank-free) formalization (syntactically) includes
all ranked versions including those that permit different ranked alphabets for the input and output symbols. Our model
thus becomes slightly more powerful than traditional MBOT since it allows the same symbol to occur with different ranks
in the input or output trees.

The semantics of our MBOT is defined by means of synchronous rewriting or, more generally, with the help of a derivation
relation over sentential forms. In the synchronous rewriting approach, several parts of the sentential form develop (via the
rules) at the same time. Typically, the left-hand side of the rule contributes to the input tree of the sentential form and the
right-hand side contributes at the same time to the output tree of the sentential form. For MBoT, the right-hand side consists
of a vector of trees, so it can act simultaneously at several positions in the output tree. The input and output positions that
are supposed to develop in parallel are recorded by links (v, w), which (in our case) relate a position v in the input tree to
a position w in the output tree. Consequently, a form of an MBOT is a tuple (£, A, I, ¢) consisting of a (partial) input tree &,
two sets A, I C pos(€¢) x pos(¢) of links, and a (partial) output tree ¢. The elements of A and I are called active and inactive
links, respectively. The active links fulfill the already mentioned purpose of recording which parts are supposed to develop
in parallel, whereas inactive links simply record all links that have been active at some point during the derivation. In this
way, we preserve all links and can later argue about their structure, which will allow us to prove properties about MBOT.

On these forms we now define our derivation steps. A form (&, A,I,¢) derives a form (¢',A’,I’,¢’), written as
(E,A,1,¢) = (&/,A’,I',¢), if we can select a rule (£,q,7) and an occurrence v € pos(¢) of q in the input tree £ such
that 7 has as many components as there are output positions A(v) = {w | (v, w) € A} that are actively linked to v and

e &' is obtained from & by replacing the occurrence v of q by the tree ¢,

e A’ is obtained from A by removing the used links {(v, w) | w € A(v)} and adding the links induced by the rule (¢, q,7),
e I’ is obtained from I by simply adding the used links {(v, w) | w € A(v)}, and

e ¢’ is obtained from ¢ by replacing the linked subtrees A(v) in ¢ by T (in lexicographic order).

As usual, we apply derivation steps until no active links and no occurrences of states remain. The initial sentential form
consists simply of two actively linked initial states (and no disabled links). Since we are interested in the links encountered
during the derivation, the set of computed dependencies consists of all (t, I, u) such that (qo, {(¢, &)}, 9, qo) =* (t, ¥, I, u),
where qg is an initial state and ¢ and u are trees, in which no state occurs.

Making additional information from the derivation process (like the links) visible in the computed output has been
explored already. In particular, the origin [34,35], which associates to output positions the input position from which this
output fragment was created, has been intensively studied. For example, in [12] origin information is used to characterize
those macro tree transducers that are MSO definable, and in [25] it is used to get a Myhill-Nerode characterization of
deterministic top-down tree transducers. Information on the type of transition used (in a push-down automaton) yields
the visibly push-down languages [2], and in the recent work [5] origin information is built into the semantics of a string
transducer. However, for us the links are purely a tool, so the computed tree relation is obtained from the computed
dependencies simply by projecting onto the input and output trees (i.e., removing the links) as usual. This computed tree
relation coincides with the tree relation computed by means of other semantics [4,11,13].

Our goal is to provide generic linking theorems (see Theorems 5 and 6), which given a tree relation with particular prop-
erties (essentially it must contain a specific tree relation) predict certain natural links that must be present in a dependency
containing a specific tree pair. Roughly speaking, the linking theorems will establish that whenever we preserve an input
subtree in the output (i.e., we copy this part of the input tree verbatim to the output), then these occurrences must be
linked. This conventional and intuitive wisdom had to be essentially reproved for each particular tree relation under investi-
gation because the typical arguments used (e.g., the fooling technique) require negative information (i.e., information about
tree pairs that are not in the desired tree relation), which often means that the proof cannot be reused in similar scenarios.
Our linking theorems only use positive information (i.e., only the knowledge that certain tree pairs are in the tree relation),
so they readily transfer to similar scenarios. We can then use these established links and general properties of dependencies
computed by MBOT to show very easily that certain (classic) tree relations cannot be computed by (compositions of) certain
subclasses of MBOT.

Before we start with the investigation of the properties of dependencies computed by mMBoT, we show an example of
a proof utilizing the classic fooling technique. This example proof from [33] shall demonstrate how the traditional proof
technique works, so that it can be compared to our later solution using the linking theorems. However, for the linking
theorems to be useful, we first need to establish some basic properties that we can use to reason with links. It turns out
that the links in each dependency are organized hierarchically [25,30]. More precisely, a set L of links is input hierarchical
if for all (v1, wy), (v2, wy) € L the condition v; < v, implies that wy A wq and that there exists a (v1, w)) € L such that
W/1 < wp, where < is the prefix order. Moreover, it is strictly input hierarchical if v{ < v, implies wq < wy, and v{ = v;
implies wq < wy or wy < wi. Trivially, if L is strictly input hierarchical, then it is also input hierarchical. Finally, L is
(strictly) output hierarchical if L~! is (strictly) input hierarchical. We prove that the links in the dependencies computed
by an MBoT are always input hierarchical and strictly output hierarchical (see Theorem 2). If the vector 7 has at most one
component for every rule (¢,q,7) of an MBOT M, then M is actually a (linear) extended top-down tree transducer with
regular look-ahead [33] (for short: xtopR). The links in the dependencies computed by an xToPR are even strictly input
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