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The concept of metric basis is useful for robot navigation. In graph G , a robot is aware
of its current location by sending signals to obtain the distances between itself and the
landmarks in G . Its position is determined uniquely in G if it knows its distances to
sufficiently many landmarks. The metric basis of G is defined as the minimum set of
landmarks such that all other vertices in G can be uniquely determined and the metric
dimension of G is defined as the cardinality of the minimum set of landmarks. The major
contribution of this paper is that we have partly solved the open problem proposed by
Manuel et al. [9], by proving that the metric dimension of HDN1(n) and HDN2(n) are either
3 or 4. However, the problem of finding the exact metric dimension of HDN networks is
still open.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

If we treat a robot moving from one position to another in Euclidean space as a point, then we can study the navigation
in a graph [6,8]. In a graph G , a robot is aware of its current location by sending signals to obtain the distances between
itself and the landmarks in G . Obviously, for any graph G , it is significant to find out the position and the minimum number
of landmarks such that all other vertices in G can be uniquely determined by their distances to the landmarks. In fact, the
set composed of these landmarks is the metric basis of G , and the cardinality of this set is the metric dimension of G . The
concept of metric basis is also used in chemistry [3,6] and combinatorial optimization [11].

Khuller et al. [8] proved that the metric dimension of path and d-dimensional grid is 1 and d, respectively. They also
showed that the problem of deciding whether the metric dimension of G is less than or equal to k is NP-complete. Chartrand
et al. [3] studied the metric dimension of complete graphs Kn , complete bigraphs Km,n , trees, unicyclic graphs, and ordinary
connected graphs. Fehr et al. [5] considered the metric dimension of Cayley digraphs. Javaid et al. [7] investigated the metric
dimension of a family of circulant graphs Cn(1,2), and Imran et al. [6] extended the research of [7]. They proved the metric
dimension of Cn(1,2,3) is 4 when n ≡ 2,3,4,5 (mod 6) and gave an upper bound of the metric dimension of Cn(1,2,3)

when n ≡ 0,1 (mod 6). Other related research results about the metric dimension appeared in [1,13,14].
Stojmenovic [12] proposed a family of variants of meshes and tori, which includes honeycomb meshes, honeycomb tori,

and others. Compared with 2D-mesh and tori, honeycomb networks have better topological properties. The degree, diameter,
and bisection width of honeycomb mesh are 3, 1.63

√
N , and 0.82

√
N , respectively, where N is the number of vertices. The

hexagonal mesh [4,10] is the dual of honeycomb mesh. Manual et al. [9] proved the metric dimension of honeycomb mesh
is 3 by proving that the metric dimension of hexagonal mesh is 3. They also introduced two hex derived networks: HDN1(n)

and HDN2(n), where n � 2. They have some superior performances over honeycomb meshes. The diameter of HDN1(n) and
HDN2(n) are both 0.67

√
N , less than honeycomb meshes. Manual et al. [9] proposed an open problem to show that the
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Fig. 1. Hexagonal meshes: (1) HX(2), (2) HX(3), and (3) all faces in HX(2).

metric dimension of HDN1(n) and HDN2(n) are between 3 and 5. In this paper, we have partly solved this open problem
with a more tight bound that the metric dimension of HDN1(n) and HDN2(n) are either 3 or 4.

This work is organized as follows. Section 2 provides the definitions of metric basis, metric dimension, hexagonal net-
work, HDN1(n), and HDN2(n). Detailed proofs that the metric dimension of HDN1(n) and HDN2(n) are either 3 or 4 are
given in Section 3. We make a conclusion in Section 4.

2. Preliminaries

For an undirected graph G = (V (G), E(G)), V (G) is the set of vertices and E(G) is the set of edges. For two vertices u
and v ∈ V (G), the distance between u and v is d(u, v) which is defined as the length of a shortest u − v path in G . Clearly,
d(u, v) = d(v, u). An r-neighborhood of v , denoted by Nr(v), is a subset U of V (G), which means the distance between
every vertex in U and v is r, i.e. Nr(v) = {u ∈ V (G) | d(u, v) = r}. Clearly, if u ∈ Nr1(v) ∩ Nr2(w), then d(u, v) = r1 and
d(u, w) = r2. The degree of vertex v is denoted by deg(v).

If W ⊂ V (G) such that for any two vertices u and v ∈ V (G) there exists a vertex w ∈ W such that d(u, w) �= d(v, w),
then W is a locating set of G . The vertices in W are called locating landmarks. A locating set containing a minimum
number of landmarks is a minimum locating set of G , which is called a metric basis of G . The cardinality of the metric
basis is called the metric dimension, which is denoted by md(G).

Chen et al. [4] proposed the hexagonal mesh. A hexagonal mesh is made up with a set of triangles as shown in Fig. 1.
1-dimensional hexagonal mesh does not exist. A 2-dimensional hexagonal mesh HX(2) is composed of six triangles (see
Fig. 1(1)). A 3-dimensional hexagonal mesh HX(3) is obtained from HX(2) by adding a layer of triangles around the bound-
ary of HX(2) (see Fig. 1(2)). Similarly, HX(n) is obtained from HX(n − 1) by adding a layer of triangles around the boundary
of HX(n − 1).

A plane graph G partitions the rest of the plane into a number of arcwise-connected open sets, which are called the
faces of G [2]. If two faces are adjacent, then they have at least one common edge. Every plane graph has one and only one
unbounded face, called the outer face. Fig. 1(3) shows that HX(2) has seven faces f0, f1, . . . , f6 where f0 is the outer face
and f1 is adjacent to f0, f2 and f6.

In plane graph HX(n), suppose any arbitrary face f is bijective to one vertex f ∗ except the outer face. If f ∗ is located
in the face f and we connect the vertices of f with f ∗ , then we get HDN1(n). Fig. 2(1) demonstrates HDN1(3). Assume
that f is adjacent to f1, f2, . . . , fk and f ∗

1 , f ∗
2 , . . . , f ∗

k are bijective to f1, f2, . . . , fk , respectively. If we join the vertices of
f and f ∗

1 , f ∗
2 , . . . , f ∗

k with f ∗ , then we get HDN2(n). Clearly, HDN1(n) is a subgraph of HDN2(n). Fig. 2(2) shows HDN2(3).
HDN1(n) and HDN2(n) are collectively known as HDN(n), where n � 2.

In [9], a convenient coordinate system for HX(n) was introduced. Actually, the coordinate system applies for HDN(n) too
(see Fig. 2), where x, y and z axes parallel to three edge directions of the hexagon. Lines that parallel to the coordinate axes
x, y and z are x-lines, y-lines, and z-lines, respectively. All vertices on the x-lines have the same x-coordinate, all vertices
on the y-lines have the same y-coordinate, and all vertices on the z-lines have the same z-coordinate. Thus, every vertex
in HDN(n) is assigned a single coordinate (x, y, z). In Fig. 2, the coordinate of A, B, C, D , and E are (3,6,3), (−3,−6,−3),
(−3,3,6), (−6,−3,3), and (6,3,−3), respectively.

For HDN(n), n � 2, let γ = (3(n − 1),3(n − 1),0), β = (3(n − 1),0,−3(n − 1)), α = (0,−3(n − 1),−3(n − 1)), η =
(−3(n − 1),−3(n − 1),0), σ = (−3(n − 1),0,3(n − 1)), μ = (0,3(n − 1),3(n − 1)), and O = (0,0,0) (see Fig. 3).

For any other fundamental graph theoretical terminology, please refer to [2].

3. The metric dimension of HDN

In this section, we firstly prove md(HDN(n)) � 3. Then, we give a locating set W of HDN such that |W | = 4. Finally, we
come to a conclusion 3 � md(HDN(n)) � 4.

Suppose that W is a locating set of G . If u ∈ V (G), v ∈ W , and u �= v , then d(u, v) > d(v, v). Thus, if we want to prove
W = {w1, w2, . . . , wk} is a locating set of G , we only need to prove that for any two vertices u, v ∈ V (G)\W , there is a wi
such that d(u, wi) �= d(v, wi), 1 � i � k.
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