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In this paper, we consider multicriteria and cardinality constrained multicut problems. Let
G be a graph where each edge is weighted by R positive costs corresponding to R criteria
and consider k source–sink pairs of vertices of G and R integers B1, . . . , B R . The problem
R-CriMultiCut consists in finding a set of edges whose removal leaves no path between
the ith source and the ith sink for each i, and whose cost, with respect to the jth criterion,
is at most B j , for 1 � j � R . We prove this problem to be N P -complete in paths and
cycles even if R = 2. When R = 2 and the edge costs of the second criterion are all 1,
the problem can be seen as a monocriterion multicut problem subject to a cardinality
constraint. In this case, we show that the problem is strongly N P -complete if k = 1 and
that, for arbitrary k, it remains strongly N P -complete in directed stars but can be solved
by (polynomial) dynamic programming algorithms in paths and cycles. For k = 1, we also
prove that R-CriMultiCut is strongly N P -complete in planar bipartite graphs and remains
N P -complete in K2,d even for R = 2.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

In [2], Bruglieri et al. study a generalization of the well-known minimum cut problem where an additional cardinality
constraint is considered. They show that the problems of finding a minimum cut of cardinality either equal to or greater
than a given value p are both strongly N P -hard. However, they ask whether the problem MinCutCard, where we look for
a minimum cut separating the source s and the sink t , and whose cardinality is at most p, can be solved in polynomial
time.

In fact, the decision version of this problem can be seen as a particular case of a multicriteria simple cut problem. In the
problem R-CriCut, we are given two vertices s and t , R edge-weight positive functions w1, . . . , w R , R bounds B1, . . . , B R

and we look for a cut C which separates s and t such that wi(C) � Bi ∀i ∈ {1, . . . , R}. For R = 2, if we set w2(e) = 1 ∀e ∈ E
and B2 = p, we obtain the decision version of MinCutCard. 2-CriCut has been shown strongly N P -complete for general
graphs in [10]. Besides, when we look for a global cut of the graph, i.e. a partition of the vertices into two connected
components, the problem is polynomial when the number of criteria is bounded [1].

Let MinMultiCutCard and R-CriMultiCut be generalizations of MinCutCard and R-CriCut respectively, defined as the
cardinality constrained and the multicriteria versions of the multicut problem. Given a (directed or not) graph G = (V , E)

and a set T = {(s1, t1), . . . , (sk, tk)} of k distinct source–sink pairs of terminal vertices, a multicut C is a subset of E whose
removal leaves no (directed) path between si and ti for each i ∈ {1, . . . ,k}. Then, MinMultiCutCard and R-CriMultiCut

can be defined from MinCutCard and R-CriCut respectively, by replacing “cut” by “multicut”. For fixed k > 2, the minimal
multicut problem MinMultiCut (i.e. the optimization version of 1-CriMultiCut) is APX-hard both in undirected and in
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directed graphs [5]. For arbitrary values of k, it is APX-hard in undirected stars (i.e. trees of height 1) [8] but becomes
polynomial in directed trees [4].

Obviously, the difficult cases of MinMultiCut are difficult for MinMultiCutCard and R-CriMultiCut. The question is
then: do the polynomial cases of MinMultiCut remain polynomial when we add a cardinality constraint or when we
consider the multicriteria version?

We study these problems and provide some answers in this paper, which is divided into three sections.
The first one deals with simple cut problems. We show that MinCutCard is strongly N P -hard thus settling one of the

open problems of Bruglieri et al. in [2]. Then, we prove that, in planar bipartite graphs, 2-CriCut is N P -complete and
R-CriCut is strongly N P -complete.

In Section 2, we show that MinMultiCutCard is strongly N P -hard in directed stars but remains polynomial in paths
(and directed paths) and cycles (and circuits).

In Section 3, we study R-CriMultiCut. We show that, in paths, this problem is strongly N P -complete and remains
N P -complete for R = 2.

2. Simple cut problems

As already mentioned, Bruglieri et al. study in [2] the problem of finding a minimal cut subject to a cardinality constraint.
However, MinCutCard (i.e. the case where we have an upper bound on the cardinality of the cut) was an open problem.
We show the following theorem:

Theorem 1. MinCutCard is strongly N P -hard.

Proof. We use a reduction from Bisection [7]. Let G = (V , E) be an undirected graph with 2n vertices and m edges, and
let B be a given value. The problem is to decide if there exists a partition of V into two disjoint sets V 1 and V 2 such that
|V 1| = |V 2| = n and such that the number of edges with one endpoint in V 1 and one endpoint in V 2 is less than or equal
to B . Let Ibi be an instance of Bisection. We assume that B < m, otherwise Ibi would obviously have a solution.

We construct an instance Icut of the decision version of MinCutCard as follows (see Fig. 1): first, let us assign weight 1
to the edges of G . Then, we add a vertex t and 2n edges of weight nm + n2 + m connecting t to each vertex of G . For each
vertex vi of G , we add a path qi of m + n vertices and we add m + n edges connecting each vertex of qi to vi . The edges of
qi and the edges connecting the vertices of qi to vi have a weight equal to (nm + n2 + m)n + (m + n)n + m. Finally we add
a vertex s and 2(m + n)n edges of weight 1 connecting s to all the vertices of the paths qi (i ∈ {1, . . . ,2n}).

We claim that there exists a solution for Ibi if and only if there exists a cut separating s from t such that w(C) �
(nm + n2 + m)n + (m + n)n + B and |C | � n + (m + n)n + B .

If we have a solution of Ibi , we construct a solution for Icut in the following way. For each vertex vi of V 1, we cut the
edge connecting vi to t . For each vertex vi of V 2, we cut the edges connecting the vertices of qi to s. Moreover, we cut
the edges of G with one endpoint in V 1 and one endpoint in V 2. So, the cut separates {s} ∪ V 1 ∪ {v ∈ qi | vi ∈ V 1} from
{t} ∪ V 2 ∪ {v ∈ qi | vi ∈ V 2}. We have |C | � |V 1| + (m + n)|V 2| + B = n + (m + n)n + B and w(C) � (nm + n2 + m)|V 1| + (m +
n)|V 2| + B = (nm + n2 + m)n + (m + n)n + B .

Conversely, if we have a solution C of Icut , we construct a solution of Ibi in the following way: V 1 is composed by the
vertices of G connected to s and V 2 by the vertices of G connected to t . Note that no edge of weight (nm +n2 +m)n + (m +
n)n + m can be in C since B < m and w(C) � (nm + n2 + m)n + (m + n)n + B .

Let us begin by showing that |V 1| = |V 2| = n.
|V 2| � n, because otherwise, we have to cut at least n + 1 edges connecting vertices of G to t , so: w(C) � (n + 1)(nm +

n2 + m) = (nm + n2 + m)n + (m + n)n + m > (nm + n2 + m)n + (m + n)n + B , which is not possible.
|V 1| � n otherwise, we would have to cut at least (n + 1)(m + n) edges connecting vertices of qi to s (i/vi ∈ V 2) so:

|C | � (n + 1)(m + n) = (m + n)n + m + n > (m + n)n + B + n, and the cardinality constraint would be violated.
Thus, since |V 1| + |V 2| = 2n, we necessarily have |V 1| = |V 2| = n.

Fig. 1. The graph obtained for MinCutCard (|qi | = m + n).
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