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a b s t r a c t

The adjusted Rand index is widely used in connection with the free sorting task to assess the degree of
association between two partitions of a set of stimuli. A hypothesis testing framework regarding the sig-
nificance of this index is set up. It consists in a permutation test which involves the simulation of a large
number of partitions from the original two partitions being compared. However, since this strategy of
analysis may be time consuming, an alternative method is also proposed. It is based on statistical prop-
erties regarding the distribution of the values generated by the procedure of permutation. The two strat-
egies of analysis are illustrated and compared on the basis of free sorting data and a simulation study.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Numerous studies, particularly in sensory and consumer sci-
ence, indicated that free sorting task is a simple and efficient
way of assessing similarities among a set of stimuli (Faye et al.,
2004; King, Cliff, & Wall, 1998; Lawless, Sheng, & Knoops, 1995).
This task consists in a categorization procedure which relies on
the natural human tendency to grouping things into categories as
a cognition process for learning and apprehending the complexity
of the world. More precisely, the subjects are presented with a set
of stimuli and instructed to sort them in as many groups as they
believe it necessary, considering that stimuli in the same group
are perceived as similar.

For the statistical treatment of the data collected in the course
of fee sorting task, several strategies of analysis have been pro-
posed ranging from MDS techniques (Faye et al., 2006) to methods
of analysis pertaining to multiple correspondence analysis (Cado-
ret, Lê, & Pagès, 2009; Qannari, Cariou, Teillet, & Schlich, 2010; Ta-
kane, 1982; Van der Kloot & Van Herk, 1991). Another method of
analysis which is worth mentioning is DISTATIS (Abdi, Valentin,
Chollet, & Chrea, 2007). All these methods seek a representation
space of low dimension in order to depict the similarities among
the stimuli. Courcoux, Faye, and Qannari (2012) discuss alternative
methods of analysis of sorting data. This consists in segmenting the
subjects who take part in the experiment and, for each segment,
determining a compromise partition of the stimuli that stands as

a sort of average partition for the subjects under consideration.
In such studies, the question of assessing the similarity between
the partitions given by two subjects or the partitions associated
with two groups of subjects arises. Several similarity measures be-
tween two partitions have been proposed in the literature (Albat-
ineh, Niewiadomska-Bugaj, & Mihalko, 2006; Fowlkes & Mallows,
1983). Among these similarity measures, the Adjusted Rand index
(ARI) (Hubert & Arabie, 1985) is widely used (Faye et al., 2004;
Soufflet et al., 2004; Faye et al., 2006; Parizet, Guyader, & Nos-
ulenko, 2008; Parizet & Koehl, 2012).

We aim at setting up a hypothesis testing framework to assess
whether a given ARI is significantly larger than 0. For this pur-
pose, we recourse to a permutation test based on randomly sim-
ulating a large number of pairs of partitions and, for each pair, we
compute the ARI. Thereafter, the decision as to whether the actual
(observed) ARI is significantly larger than zero is taken on the ba-
sis of the distribution of these simulated values. However, since
this procedure involves intensive computations it can be time
consuming, particularly when the number of products is large
and when there are several pair-wise comparisons to perform.
As an alternative, we propose a straightforward test which con-
sists in approaching the distribution of the simulated values by
a normal distribution where the mean and standard deviation
are derived from theoretical developments by Lancaster (1969).
The two approaches of hypothesis testing (i.e. simulation and
approximation by a normal distribution) are illustrated and com-
pared on the basis of data from a free sorting experiment and
from a simulation study.
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2. Material and methods

2.1. The Rand and adjusted Rand indices

Let us consider two partitions of the same n stimuli. For in-
stance, these could be the partitions of the same stimuli operated
by two subjects in the course of a free sorting task. The Rand index
(Rand, 1971) is defined by:

Rand ¼ aþ d
T

where a is the number of pairs of stimuli that are placed in the
same group in both partitions, d is the number of pairs that are
not placed in the same group in both partitions and, T is the total
number of pairs of stimuli (i.e. T ¼ nðn�1Þ

2 ). Obviously, The Rand in-
dex lies between 0 and 1. In particular, it is equal to 1 in case of
perfect agreement (i.e. identity of the two partitions).

Notwithstanding its intuitive appeal, The Rand index suffers
from several pitfalls. In particular, it highly depends on the num-
ber of groups in the two partitions and the number of stimuli at
hand. So much so that, in some situations, it can take high val-
ues even for two random partitions (Youness & Saporta, 2004;
Courcoux et al., 2012; Santos & Embrechts, 2009). In order to
cope with this problem, ARI was proposed as a form of the Rand
index that is corrected for the grouping of the stimuli by chance.
The general form of ARI is:

ARI ¼ Rand� Expected ðRandÞ
1� Expected ðRandÞ

where Expected (Rand) is the mean value of Rand under the hypoth-
esis that the two partitions are independent, subject to the assump-
tion that the number of stimuli in the groups are fixed and that a
generalized hypergeometric distribution is considered as a model of
randomness (Albatineh, 2010; Fowlkes & Mallows, 1983; Hubert &
Arabie, 1985). More details about ARI are given in the appendix.

From the expression of ARI, it follows that this index ranges be-
tween �1 and +1. It takes the value 1 in case of perfect agreement
between the two partitions and takes the value 0 when the two
partitions are independent.

2.2. Permutation test

Once ARI between two given partitions A and B is computed, the
question that often emerges is whether this index is significantly
larger than 0. We propose to recourse to a simulation study to ad-
dress this issue. In the following, we shall denote by ARI0 the actual
(observed) value for ARI between the two partitions A and B.

Denoting by H0 the hypothesis that stipulates the absence of
association between the two partitions at hand, the simulation
study consists in setting up an (empirical) distribution under H0

of a statistic tightly related to ARI.
The simulation study runs as follows:

(i) Randomly simulate a large number (1000, say) of pairs of
partitions with the following constraints: for each pair, the
first (respectively, second) partition should have as many
groups as A (respectively, B) and, moreover, the groups in
this partition should have as many elements as those of A
(respectively, B). This entails that the original structure of
the partitions remains unchanged (i.e. the same number of
groups and the same number of elements in the various
groups). As a matter of fact, this procedure of simulation
amounts to a permutation test since in each partition, we
randomly shuffle the group labels (i.e. group names) of the
stimuli.

(ii) For each pair of partitions thus generated, we compute ARI.
(iii) We compute the average (m) and the variance (v) of all the

values thus obtained.
(iv) All the ARI values are transformed into NARI ¼ ARI�mffiffiffi

v
p .

(v) The actual value ARI0 is also transformed into NARI0 ¼ ARI0�mffiffiffi
v
p .

(vi) On the basis of the values of NARI thus obtained, we draw a
frequency histogram which stands as a probability distribu-
tion for the statistic NARI under the null hypothesis, H0. More
precisely, if we choose a significance level equal to a (e.g.
a = 5%), we can identify a threshold value, c0, which is the
value such that only a proportion equal to a of NARI values
are larger than c0. Thereafter, the association between the
two partitions A and B will be considered as significant if the
observed value NARI0 is larger than c0. Alternatively, the sim-
ulated values from step (iv) can be ranked in an increasing
order and a p-value is computed as the proportion of values
larger than the observed value NARI0. The decision as to
whether ARI between the two partitions A and B is significant
(i.e. rejection of H0) or not is taken by assessing whether the p-
value thus obtained is smaller than a or not.

2.3. Alternative test

The drawback of the permutation test outlined above is that since
it is based on a simulation study, it is likely to be time consuming
especially when there are several pair-wise comparisons to perform
as in the case of a free sorting task performed by a panel of subjects.
Indeed, since the distribution of the simulated NARI depends on the
configurations of the two partitions being compared (i.e. number of
groups and number of stimuli in the groups), one should run as many
simulations studies as there are different configurations that is, prac-
tically, as many pairs of partitions to be compared. To remedy this
problem, we propose an alternative approach based on theoretical
results derived from properties demonstrated by Lancaster (1969).
These results concern the expected value and the variance of the dis-
tribution of ARI under the hypothesis that the two partitions are
independent, subject to the assumption that the number of stimuli
in the groups are fixed and that a generalized hypergeometric distri-
bution is considered as a model of randomness (Fowlkes & Mallows,
1983; Hubert & Arabie, 1985). By construction of ARI, the theoretical
value of the mean is equal to 0 since, as we stated above, ARI is a form
of the Rand index corrected to account for agreement by chance. The
expression of the variance which we denote by v is given in the
appendix. This value depends on the total number of stimuli, the
number of groups in the two partitions at hand and the number of
stimuli in the various groups.

From these (theoretical) results, we propose a simplified test of
hypotheses concerning the significance of the association between
two partitions. The rationale behind this test is to approach the dis-
tribution of the statistic NARI ¼ ARIffiffiffi

v
p (Normalized ARI) by a normal

distribution with mean 0 and unit standard deviation. More pre-
cisely, let us denote by ARI0 the observed value for ARI between
two partitions A and B. The observed value for the statistic NARI
is given by NARI0 ¼ ARI0ffiffiffi

v
p . Thereafter, a p-value can be found from

the normal distribution. If the calculated p-value is below the cho-
sen significance level a, then the null hypothesis (i.e. independence
of the two partitions) is rejected in favor of the alternative
hypothesis.

3. Illustration

3.1. Testing the association between two partitions

The data are extracted from a case study involving the assess-
ment of 16 wine aromas by a panel of consumers using a free sort-
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